

























































































































































































































































































































































































‘Linear Mechanics, Parts I-IV. Washington, D. C.:
David Taylor Model Basin, 1944-46.

In the general case it is necessary to study
the solutions of differential equations in the
large. It is clear that the definite stability
necessary for a mathematical machine requires that
every solution should be asymptotic to the correct
solution, but in the present state of theory this
requires practically an individual investigation
in each case. The study of systems of differential
equations in the large goes back to Poincaré and
G. D. Birkhoff, but the possibilities are exceed-
ingly complex. Cf. the paper of N. Levinson, 4nnals
of Kath. (2), 45 (1944), pp. 723-37, for a number
of earlier references :

There are really two stability problems which
appear in the use of mathematical machines. One of
these is the stability of the mathematical proce-
dure involved, the other is the problem of the

stability of the specific device used and its com-
ponents. There is no way for component stability
to compensate for a non-stable mathematical proce-
dure. Since we must start from a situation in
which the answer is unknown, perturbatlons analo-
gous to noise are always present. It is for this
reason that "down the gradient" procedures have
been emphasized in this book. These are stable
even though as we have pointed out, they my not
be the most economical stable method in individual
cases.

One presupposes, of course, the stability of the
components. But one should also consider in this
connection, the accuracy of the components since
these can destroy the stability of the procedure.
For instance, the Gauss Seidel iteration method
for solving linear equations 1is stable if the
matrix is positive definite. But if a positive
definite matrix is inaccurately realized, this
property may be lost.-

IIT - 38



PART FOUR: MATHEMATICAL INSTRUMENTS

I. Planimeters

1. The present part is devoted to a brief dis-
cussion of mathematical instruments. Many of
these are relatively inexpensive time-saving
devices whose mathematical theory is quite in-
teresting. ‘ :

There is little point in trying to draw a hard
and fast distinction between mathematical instru-
ments and continuous computing devices in general.
Our reason for the distinction is purely onme of
convenience. In general, mathematical instruments
operate on a graph. They are relatively simple in
construction, are used for a single mathematical
operation and are not intended for joint operation
with other devices but are complete in themselves.

An instrument whose purpose is to measure the
area enclosed by a curve is called a planimeter.
For convenience we divide planimeters into two
types, one of which consists of those planimeters
which operate directly on areas. The second type
consists of those which operate on the boundary of
the area to be measured.

The purpose of an integrometer is to provide in-
tegrals suchas [P y? dx, JP y° dx, etc. An inte-
graph is an instrument to draw the graph of an in-
definite integral of a given function. The harmonic
analyzers are designed to yield the Fourier coeffi-
cients of a function. There are also instruyents,
curvometers, to yield the arc length of a given

curve.

For this part of the course, our two main refer—
ences will be: A Galle, Xathematische Instrumente,
leipzig: B. T. Teubner, 1912, and H. de Morin, les
Appareils d'Integration, Paris: Gauthier Villars,

1913.

9. The remainder of the present chapter w@ll be
devoted to considering those planimeters which
operate directly on areas.

Perhaps the simplest such device is a piece of
glass ruled into squares. One places the glass on
the area to be measured and counts the number of
squares which lie wholly within the area and esti-
mates the remaining area around the boundary.

The "harp planimeter" is designed to assist one
in forming a sum 2J., y, Ox. One has a large number

of ‘threads strung in parallel on a frame. To find
the area under a given curve we lay the frame so
that the threads are perpendicular to the x-axis.
A compass is used to measure the ordinates of the
points on the curve midway between two threads. The
sum of the ordinates of these points can be ob-
tained by a ratchet and counter arrangement
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on the compass or by laying the ordinates off
along a straight line. A

If in the latter case, the total length is ex-
cessive we may use a fixed length 1 and whenever
this. length is exceeded, we may shift back by 1.
Thus if the first k coordinates have a sum which
exceeds 1 we take another compass or ruler and
measure back 1 from the final point of the sum. We
may then continue to lay off the ordinates using
the point obtained by shifting back as the start-
ing point. The final answer must allow for the
shifting.

Instead of the threads and compass, a glass
slide may be fitted in the frame and used to meas-
ure the ordinates. Marks ‘along the side of the
slide parallel to the x axis can be used to show
where the ordinates are to be taken. The slide
moves parallel to the y axis until the proper mark
is on the curve. The displacement of the slide
measures the ordinate.

Of course, an ordinary adding machine can be used
in conjunction with a formula for numerical inte-
gration for obtaining areas. This is particularly
valuable in the case in which the function is given
in the form of a table rather than a graph. For a
discussion of numerical integration, the reader is
referred to: C. Jordan, Calculus of Finite Differ-
ences, Budapest: Eggenberger, 1939, pp. 512-27.

3. Another device based on the formula Z y, Ax
is also described by Galle, op. cit., pp. 67-68.
The ordinates are measured by a roller wheel prin-
ciple which is of great importance in the theory
of instruments. The principle is the following.
Suppose we have a wheel of radius r, resting on
paper with its plane perpendicular to the. plane of
the paper. Suppose, then, that we shove the wheel
across the paper an amount s in a direction which

makes an angle « with the axle of the wheel. During
this displacement the axle remains parallel to its
original position. The component of the displace-
ment parallel to the axle will induce no rotation,
while if the wheel turns freely, there will be no
slipping perpendicular to the axle. Consequently,
the wheel will turn through an angle o such that

re = s sin a.

This formula generalizes readily‘to the case iﬁ



which the wheel is displaced so that the point of
contact moves along an arc C in such a fashion
that o, the angle between the tangent and the axle,
is a Riemann integrable function of the arc length.
For instance, if « is continuous except possibly
at a finite number of points where it has a right
and left limit, it satisfies this condition. Since
a is Riemann integrable, one can show that sin «
is also a Riemann integrable function of s. Thus
if we consider the motion as a limit of polygonal
motions on sets of chords, we obtain that the
wheel will turn through an angle ¢ such that

rq>=fc sin o ds

Now let us suppose that we have a wheel which is
initially in contact with the x axis and with its
axle parallel to the x axis. Suppose the wheel is
constrained to move in a circle with center on
the x axis and in such a way that the axle is al-
ways parallel to the x axis. For instance, one
might have a bar pivoted at the circle center. The
other end of this bar has a pivot in which there
is a u~shaped yoke, which holds the axle of the
wheel. The yoke has a rigidly attached rod extend-

ing perpendicular to the axle of the wheel. In
turn this rod slips freely through a collar which
is rigidly attached to another collar which slides
along a rod parallel to the x—axis. Since the two
collars are mutually perpendicular, the rod exten-
sion of the yoke is always perpendicular to the .
x axis and the wheel axle is always parallel to
the x axis.

Now then if the wheel is moved from its origi-
nal position of contact on the x axis to a point
(x,y), the wheel will turn through an angle o
such that r ¢ = y, where r is the radius of the
wheel. This is evident from the above integral
formula since dy = sin @ ds. Thus if we attach
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a counter to measure the revolution of such a
wheel, we can measure the ordinate of a point.

The actual planimeter described by Galle is con-
structed so that while an indicator moves from a
point (a,0) to the point (x,y), the actual wheel

- moves in a motion which is a mirror image of this.

There is a worm-gear positioned for each quarter
turn so that the wheel apparatus is displaced
parallel to the x axis equal amounts between the
measurements of the ordinates. It is also neces-
sary that when the wheel is returned to a position
at which the measurement of an ordinate begins,
the counter does not register.

4. Galle also describes the conversion planimeter
which obtains the area of a polygon by converting
it into a triangle with the same area. We give a
discussion of this based on analytic geometry.

We firgt‘obtain a formula for the area of a poly-
gon. It is easily seen, for instance, that the

(x, 242)

\ / {7"4 7¢)

(x5 '73)

\\\\ {kr173)
#s %s)

(i9;74)

accompanying polygon has area

'§(yx+y2) (XQ-Xi) + %(.Yzﬂ’s) (xa=x2) + é(ys*rya.) (Xo,—Xa)

b B(yatye) (kexa) + £(T547) (Kexs) + $(y147e) (xeXe)

= é[yﬂcz-myz + YoXaXoYs + an4~Xay4 + YaXeX4Y5
+ YeXeXeYo + YeXsXayle
In generalwe see that the formula
A = Z?;{ (ijj+1 - nyJ+1) Y Xy — XY,y

holds for a polygon with vertices (x1,y1), (X2,y2),
ey (xy,) - . :



Now we can construct a triangle with this area
as follows: Suppose we have a slide which moves
parallel to the x axis. On this slide, we have a
pivot and on the pivot we have a ruler. We set the
ruler perpendicular to the x axis and slide until
(x4,y1) is on the edge. Next we turn the ruler un-
til it passes through (x.,y.)}. The ruler now has
slope my = yo/{(xo-X1). :

We then slide the ruler parallel to itselif until
it passes through (x;,y.). The equation for the edge
is then

Yy -Y: = [yz/(xz - Xl)] (X - X1)
and the x- intercept a, is such that
81 Y2 = X1 Yo - Y1 X2 + X1 ¥y = (say) As

We then turn the ruler until it passes through
(xg,ys). The slope is then

My = Yo Yo/ {Xa ¥o — Ay)

We then slide the ruler parallel to itself until
it passes through (x,,y.). The equation of the
edge is then

y - yQ = [yQ ya/(xa yQ _.At)] (x - x2)
and the x intercept a, of this line is such that
Yoo = ¥oXaXa¥z + A1 = Tjag Ky y0 7 X o) + XY = Ao

The procedure in general is the following: Sup-
pose the ruler passes through (x,,y,) at the end
of the k'th step. We suppose that the k'th inter—
cept a, is such that

ka1 = Z§=1 (xjy5+l—nyJ+1) +Xy, = A,

We then turn the ruler until the edge is on
(X425 Yip2) - The slope of the edge is then

My = Yisz Yier/ Kiwz Yuer - Ay).

We slide the rule until the edge passes through
. The equation for the edge is then

A (x

(xk+l’ yk+1)

Y-Virr = Wien Yirr/ Tuer Xz ~ - Xpyq)

The new intercept a,,, is such that

a =

Yiez Pka1 = Xiet Yre2 ~ Yke1 Xy t Ay = Ay

Thus y
+1
Appr = 2401 Oy Xyp1 = X5 Yyeqg) + X1 Yo

Hence if we carry this process through to the n'th
step, we get

B Y1 ™ A = z;=1 UXp1 - XPgea) + X Vs
This yields, since (xn+1, Yner) = (X1, 1)
y: K-8 ) = Z?_:_i (x.1 yjﬂ'— X141 yj) * Y ¥ = Xy = 2A.
Or Fy, (xy —a,) - A

Thus the right triangle, one leg of which is the
ordinate y; and the other is x; - a  has the same
area as the given polygon.
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The apparatus described by Galle consists of a
bar along which the slide moves. On this slide, we
have the pivoted ruler. For the above result, of
course, the x axis can be taken in any direction.-
The pivoted ruler is first set up perpendicular ‘to
the bar. The bar is then located so that y, has a
fixed value and then fixed with two pins. Conse-
quently the quantity x, - a_ is always proportion-
al to the area and a directfy reading scale is lo-
cated on the bar.

H. One old method for the evaluation of an area
is to cut out a replica from some material of uni-
form density and thickness and to weigh the result.
A modern method is to make a mask from which the
desired area is cut out and then to measure the
total illumindtion which passes through such a mask
by means of a photo tube. With less delicate photo
sensitive methods, the entire light may be concen-
trated by means of lens onto the tube itself but,
in general, it is preferable to disperse the light
in a cavity and to determine the general level of
illumination. Of course, the entire light should
be concentrated first in the latter case so that
it will enter the cavity through a small aperture.

Since the output of a photo tube is not a linear
function of the illumination falling on it, the
answer is obtained in general by a bridge method.
One has besides the above a duplicate arrangement
associated with another photo tube with however an
adjustable shutter instead of the mask. One adjusts
the shutter yntil the output of the two tubes are
identical. Then the opening of the shutter will
have the same area as the hole in the mask.

This method of integration is used in the "cinema
integraph" described in the paper of Hazen and
Brown, Jour. Franklin Institute, Vol. 280 (1940)
pp- 19-44 and 183-205, which also gives an histori-
cal account of the development of the instrument.
The cinema integraph is designed to evaluate quan-
tities in the form

L flxty) glx) dx

and similar quantities.

The following ingenious method is used to obtain
the product. Let us consider the case of two posi-
tive functions f(x) and g(x). Masks are cut out
for each function but with different x scales. The
source of light is linear and the masks for g(x)
and f(x) are wrapped around concentric cylinders
whose common axis is the linear light source; g(x)
will be on the inner cylinder. The ordinates on
the mask run along the elements of the cylinder
while the x axis is perpendicular to the elements.
Now consider a value of x. Corresponding to x, we
have a plane containing the linear light source.
Now let us consider a point P on the outer cylinder
in this plane. The mask on the inner cylinder is
such that there is an opening of height g(x),
through which the linear light source is visible
from this point. The actual length of the light
source which is visible is Ezg(x). Consequent ly,

1 .

if we ignore the slight variation in intensity due
to distance, we see that the illumination on: the
outer cyclinder at anmy point on the x plane is the
same and proportional to g(x). The f(x) mask; of



course, permité a fraction of this proportional to
f(x) to pass.

For the general case in which f(x) and g(x) vary
in sign, allowance is made for the four possibili-
ties in signs. Let g, = max [g(x), 0}, g_- max
[-g(x), 0], fy and T_ are defined similarly. In
the device, there are two photo tubes whose balance
indicates the result. The integrals Lf g+fy dx,

JP £ g dx, S fig_ dx and JP f_g. dx are obtained

as indicated above but the illumination from the
first two goes to one photo tube, that of the other
two to the second tube. A biasing light also enters
the first tube so that it is always possible to
balance the arrangement by positive illumination

on the second tube. The balancing shutter is con-
trolled by a servo motor.

Of course, one may readily rotate the outer cyl-
inder to obtain the integrals

JP f(x+y) glx) dx.

For the reader who is interested in actually us-
ing photo tubes, the brief pamphlet: R.C.4. Photo-
tubes, R.C.A. Manufacturing Co., will be useful.
It describes the various types of tubes available
and gives circuits for various purposes.

Il. Planimeters

1. In the present chapter, we will discuss pla-
nimeters, i.e., devices for obtaining areas. The
earliest type of planimeter was based on the vari-
able speed drive but these have been superseded by
the mechanically simpler fixed length planimeters.

A variable speed drive can be utilized to evalu-
ate the integral /P y dx from a graph in an obvious
fashion..One has a pointer which traces the curve
and this is attached to the variable speed drive.
in such a way that the ordinate of the point traced
is the linear or rate input of the variable speed
drive and the abscissa is the rotatory or disk in-
.put. :

This can be done in a number of ways. We may have
a carriage on broad rimmed wheels which rolls
across the paper parallel to the x axis. The rota-
tion of the wheels then yields the abscissa. The
ordinate is entered by means of an extension of
variable length which remains parallel to the y
axis.

A 1grge variety of such devices can be found in
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the references, (Galle and Morin cited in the be-
ginning of the previous chapter. Historically
these devices are important since they led to the
development of the variable speed drive itself.

2. The most common type of modern planimeter is
concerned with the area swept out by a line seg-
ment of fixed length. This line segment is gener-
ally represented in planimeters by a bar, one end-
of which carries a pointer which traces the curve
C. There is also an integrating wheel, i.e., a
wheel with a counter on it to measure the amount
of rotation. The axle of this wheel is parallel to
the bar and if the point of contact of this wheel
traces a curve C', then the wheel will register

Jorsin a ds

where o is the angle between the axle of the wheel
and ds (cf. Section 3 of the preceding chapter).
In general, o is also the angle between the bar
and ds.

It will simplify matters if we go through certain
mathematical preliminaries before discussing the
devices themselves, We do this in the present sec-
tion.

Although it is not customary in mathematical
discussions, we will suppose that in traversing a
simple closed curve, the arc length is increasing

‘when the point moves in a clockwise direction.

Now let us consider a simple closed rectifiable
curve and let us take n points on it. These can be
chosen so that they are the successive vertices of
a polygon whose area approximates the area enclosed
by the rectifiable curve.

(xé-?s.) :

(% <44)

O3 24,

The area of this polygon has been proven in Sec.
4 of the preceding chapter to be

n-1 .
A= 830 (X0 - Xy Yer) * % B Xs - X, 51)
If we let Xy = Xy + DXy Yypq = Vg * byy,

X1 =X, + Bx,, y1 =y, + AQy,, where these appear
in this formula, we obtain

Ao

n
ZJ=1(yJ AXJ.— X AyJL
If we pass to the limit, we obtain
A=3 o (ydx - xdy)

a formula which, of course, is well known but which
we derive in order to establish the sign.



Consider the area swept out by a line segment of
length 1 moving in a plane. This is an essential
notion in our present discussion and our immediate
objective is to define it. We suppose that the mo-
tion is continuous and smooth. Thus we suppose that
each point describes an arc with a continuously
turning tangent. (It would be sufficient for this
if just two distinct points on the line segment
move in this manner.)

We first discuss the question of the definition
of this area and in particular the matter of sign.
Suppose we have a directed line segment QP which
moves to a new position Q'P'. We suppose that this
motion is small which is justifiable in view of
the fact that any motion of the postulated sort
can be considered as the consequence of a number
of small motions.

There are essentially two possibilities. In one

P

£y

[ 1o 3
-~

X=A=8 P

Q

- of these, the new position Q'P' does not intersect
QP, in the second -case, it does. In the first case
the area is readily defined. The point P describes
an arc P P' and the point Q an arc Q Q' and these
together with the initial and final position of
the line segment enclose an area which is given by
the formula

AA=[f +f "'f

Qp PP QQ'

This formula clearly specifies the sign of the
area. An area such as that. shown will be positive,
while if the line segment had moved upwards, the
area would be negative.

-/

Q'P!

] (ydx-xdy).

In the second case the situation is not immedi-
ately clear since in general points not in the_ two
triangles shown may be covered in the motion. Let
X be the point on the plane where the initial and
final position of the line segment intersect. Sup-
pose X is the image of a point A on the initial
segment.. We will call X, B, when it is considered
to be on the initial segment, i.e., X = A' = B.
Now A is either on BP or QB of the initial segment
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and no essential generality will be lost if ye
assume the former. Then B' the image of B is on
either Q'A' or A'P'. In the first case the line
segment BA in moving to its new position would

turn through.a total angle equal to PXP' while in
the second case, it would turn through an angle
equal to PXQ'. Now the motion is supposed to be
small and hence only the smaller rotation is possi-
ble. Thus if A is on XP, we may suppose B' is on
XQ'. Hence the line segment AP moves onto XP' -
A'P' and these have no common points and QX - QB
moves onto Q'B' and these two also have no common
points. Now we suppose that the motion is so slight
that the area is not greatly altered by using the
line segments AA' or BB' as boundaries instead of
the actual paths. But then it is clear that we can
regard the area swept out by AP and QB as in the
first case.

Since only a small motion is considered, the
actual displacement A'A - XA = BA is small and
hence the area swept out can be considered as neg-
ligible. Let us then arbitrarily assign to it the
value

(J + [

BA AA!

-/

B'A

- ) (y dx - x dy).
BB!

For the area swept out by AP and QB, we have, of
course, the previous formulas. If we add these
three expressions for the area, we find that we
have exactly the same formula for AA. In this case,
it is clear that the area is broken up into two
parts, @' and #*, The former is positive, the
latter is negative.

.

Let us take now a motion which is not. restricted
in size and, as we have suggested, consider it as a
number of small motions to each of which the above
formula for AA is applicable. We then find that.if
C,; is the path of P and C, that of Q then

A=l -J +J -J1 (ydx-xdy)
@ o'P' cC; C,

If the large motion is such that the line segment,
returns -to its original position then

A-=J fydx -xdy)-J (y dx - x dy).
. C; " Cg

Notice that our argument really depended very
little on the nature of the integrand. We could
have used any F(x,y,§¥) ds, provided that F was
continuous in the three variables. (

In the area case in particular, it is worth not-
ing that if the points P and Q circumscribe an area
A, and A, respectively, i.e., C; and C, are the
bourdaries of these curves, them A = A, - A,.

3. We have described the integrating wheel on
the fixed length planimeters and the fact that it
registers

J sin «a ds.
This expression is also associated with the area
swept out by a fixed length. Consider a differen-

tial dA of the area. Let ¢ denote the clockwise
rotation between the original position and the



present position. It is readily seen that
dA = 1 sin a ds + % 1% do-
' p

Thus if the fixed length moves from one position
to another and C is the path of P we have

A-=1 { sin a ds + 3 17 ¢ + k.

But it is evident that the constant of integration
is zero and thus

A-1l[sinads + % 1% o.

If the fixed length returns to its original posi-
tion.without making a complete revolution we have

A-1 é sin a ds,

Let us now consider three points, Q, Py, P,, on
the fixed length. Let us suppose that the fixed
length moves and returns to its original position.
P, traces out a path C,. Q is however constrained
to move on a path either a line segment or an arc
of a circle in such a way that when it has returned
to its original position, no area has been enclosed.
We will suppose that P, lies between Q and P,. The
other cases are treated in an entirely analogous
manner so we will not consider them further.

Z

Let 1, denote the length Q P,, I, the length P, P,.
Let A, denote the area enclosed by C,. (If P, cir-
cumscribes the area in the usual sense a number of
times in traversing Cy, then A, is a multiple of
the area as usually. understood.)

We first notice that

1, / sin ¢ ds = Area swept out by Py P, =
61 1, [ sin ads,

Co
Thus the integral [ sin a ds is independent of the
position of the point P on the line.

On the other hand, if 1 = Q P, we have
1 { sin @ ds = Area swept out by Q P, = A.
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4. The last two formulas of the previous section
are the basis of many planimeters. The operator
moves a pointer at P, so that it circumscribes the
desired area. The integrating wheel is at some
other point I along the fixed length. The planim-
eters are classified as linear if the point Q
moves along a straight line or polar if Q moves
along the arc of a circle.

If one mounts the fixed length on a carriage
with broad wheels or on a track in such a way that
the fixed length is pivoted at Q, then Q will move
in a straight line. If one connects the fixed
length at 8 by means of a hinge to an arm which it-
self is pivoted at a fixed point, we obtain a polar
planimeter.

It is desirable that the curve C and the permis-
sible path of Q be suchk that if we take any circle
of radius 1 = P, Q with center on a point of C,
then this circle will intersect the path of Q at
only ome point. This will insure that when the
operator returns the point P to its original posi-
tion after traversing the curve, Q will return to
its original position. '

For a more detailed descfiption of the various
instruments the reader is referred to the refer-
ences of Chapter I, Sec. 1, i.e., Galle or de Morin.

5. If we refer again to the formpla'
A-1 { sinads +5 1% ¢

of Sec. 3 for the area swept out by a moving line,
we see that there is one other interesting possi-
bility. Let us suppose that C refers to the path

of Q. Let us suppose that at Q we have a knife

edge parallel to the fixed length and resting on
the paper. Now if we move the P end of the fixed
length, then Q will move along a path which is tan-
gent to the fixed length at every instant. Conse-
sequently sin o = 0 on C. Thus if we enclose the
area A, in our motion of the point P and ¢, is the

“total change in the angle in this process then

% L0 = Area swept out by a fixed length = A -Ag.

In general, Ay will be small - or we can measure it
by repeating the process. This is the principle of
the Prytz or "hatchet" planimeter.

lll. Integrometers

1. Integrometers are very interesting develop-
ments of linear planimeters designed to evaluate
integrals in the form [ y? dx, ['y® dx and so

forth. The principle upon which these are based

can be readily understood from a discussion of the
part of such a device concerned with the evaluation
of [ y® dx and we will confine our attention to
this for the present.

The frame of the device is constrained to move
parallel to the x-axis. The fixed length will be
denoted QP. P will trace out the curve and Q is
pivoted on the frame so that Q moves on the x-axis.
We have a gear G:; which rotates with PQ. We have
another gear G, meshing with G; whose radius is
one half that of Gi. Thus when PQ rotates through



an angle o from_a position coinciding with x-axis,
G, will rotate through an angle 2a. :

Mounted on G, there is an integrating wheel,
whose point of contact with the paper is on the
axis for G,. The integrating wheel is arranged so
" that when o = 0, its angle 1s perpendicular to the
x-axis. Consequently when FQ rotates through an
angle a, the axle will turn through an angle 2a
and make angle - -20 with the x-~axis.

As P moves around a closed curve C, Q will also
move along the x-axis. We can call its path on the
x-axis D. D is closed and of course folded on it-
self. It is clear that the integrating wheel meas-
ures

% sin (§--2a) dx = % cos 20 dx.

I believe it is evident that by using
G,, etc., instead of G., with radii, 4, 3, etc.,
of the radius of Gy and by orienting the original
position of the axle correctly we can ob@aln

% sin 3¢ dx, % cos 4a dx, etc.

2. Let us now consider the integral [ y° dx
around a closed curve C which is traced by the
point P. Let o denote the angle PQ makes with the
x-axis. Then y = 1 sin a and

[y®dx = 1° é sin® o dx = (1%/2) é(l - cos 2a) dx
c
‘2 (=1%/9) gcos 2a dx

since the integral é dx around a closed curve is
zero.

Since the integrating wheel registers [ cos 2¢ dx
many of the books seem to think that this settles
the matter. But the wheel registers

J cos 2a dx
D

while the quantity desired is [ cos 2a dx. Of
course, the angle a« is the same but the dx is
clearly different in géneral. For instance, Q may
even remain fixed while P.traverses an arc of the
circle, thus dx on D is zero but not on C.

ears Gs, .
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. ete. Thus ¢

Thus it is nmecessary to show that

£ cos 2a dx = é cos 2a dx
around any closed curve C. We now prove this.

Denote the coordinates of P by (x,y) and those
of Q by (n,0). We can consider x, ¥ and n as func-
tions of s the arc length variable on the curve C.

Indeed
- x.- JITTy?

n =
5
dn = dx + \/IQ__—-_y—"’dy'
2
We also recall that cos 20 = 1 - 2 sin® a = (1—2{7‘).

Hence

g cos 2¢ dx = é cos 2a dn = { cos 2¢ dx

Since any integral in the form { F(y) dy,where C
is a closed curve, is zero we have

J cos 2a dx = { cos 2a dx,
D

3. It is readily seen how the above can be gen-
eralized to evaluate integrals [ y® dx, é y* dx,

y® = 1® sin %0 = 1° sin ¢ 3 (1 - cos 2a)

=4 1° (sin o« — sin a'cos 2a) - % 1° (3 sina-sin3q)

and
vyt =1* 4 (1-2cos 22 4+ cos? 2a)
='%: (3 - 4 cos 2a + cos 4a).

As mentioned in Sec. 1 above, by the use of gears
G; and G, with different gear ratios relative to
Gy, we can obtain the integrals

J sin 3a dx, [ cos 4a dx, etc.
) )

and the proof that the D integral is equal to the
C integral is quite analogous to that of Sec. 2.
The only difference is that in the F(y) mentioned
at the end of Sec. 2, the factor (1 - 2 y2/l2) is
replaced by other functions of y: 3 y/1 - 4 ys/13,
8 (y+/l+ - y2/12) + 1, etc.

IV. Integraph

In the present chapter we wish to describe brief-
ly the integraph. An integraph is an instrument
used to draw the graph of a function for which the
derivative is given. In certain modern developments,
this has become an instrument for-solving differen-
tial equations.

The principle of the integraph is essentially
that of the steering wheel on a tricycle. To de-
scribe the situation precisely let us introduce a
theoretical device. This is similar to a tricycle
except that the rear wheels have been replaced by
a pair of spherical ball bearings,in sockets.



Now if a force F. which is not too great is ap-
plied to this tricycle in a direction not perpen-
dicular to the front wheel, then as in the case of
the integrating wheél described in Section 3 of
Chapter I above, the tricycle will move in a path
to which the front wheel is tangent. The component
of F which is parallel to the axle of the wheel is

counteracted by a friction force at the point of
contact of the wheel and the plane on which it
moves while the component of F perpendicular to
the axle will cause the tricycle to move. We sup-
pose that the turning moments are counteracted in
some other manner.

To set up an integrating device then we must
steer this tricycle so that the line of the steer-
ing wheel always makes an angle o with the x-axis
such that tan a¢ = f(x) where f(x) is the function
whose integral is desired.

9. The above principle is applied in a number of
ways which can be roughly classified under two
headings. One type is represented by the Conradi
instrument, described by Galle, loc. cit., pp. 158~
59. We present a diagram of it below, looking at
it from above.

The frame of the device comsists of two parallel
rails, r, which are mounted on wheels so that the
frame moves parallel to the x-axis. There are two
carriages, u and v, which move along r.

One of these carriages, u, has an extension on
which is a pointer P which follows the given curve.-

A F_

1
i = w
B
@ P
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On this carriage we have a pivoted collar through
vwhich rides a bar s. The other end of this bar is
pivoted at the point p which is on a fixed exten-
sion of frame. This arrangement of collar and
p%v?t insures that the slope of the bar s equals
f(x).

On s we have another slide q (it actually is a
carriage but we show it as a collar) which con-
tains a line CD which remains perpendicular to s.
CD is part of a parallelogram ABCD, whose other
side AB determines the direction of the wheel W.
The carriage v has a pivot upon which the mounting
for W turns. From this arrangement the wheel W al-
ways has the same slope as s and the motion of W
is also the motion of the carriage v. Since the
direction of W always has slope f(x), the point of
contact of the wheel with the basic plane moves on
a curve which is an integral of f(x). The pencil
F traces this motion essentially, since the upward
displacement merely changes the constant of inte-
gration.

3. Notice that the arrangement of the bar s and
the slide q is such that the slope of the line CD
js determined but mot its position. This is essen-
tial since the only permitted restraint on the
wheel W is the determination of its slope relative

to the. x-axis.
There is one other way in which the desired con-

nection between the given curve and the slope of
the wheel can be obtained which is due to Abdank

=

1 [ 1 {

Abankanowicz. Instead of having the steering wheel
on the original plane, we permit it to ride on a
cylinder which is free to displace itself parallel
to the y-axis. This cylinder turns at the same rate
as the tracing point covers the x-axis. However,
the wheel is fixed on the frame and so the desired
relative motion of wheel and cylinder is obtained
by the displacement of the cylinder. (Cf. H. de
Morin, loc. cit., pp. 136-41.)

In the accompanying diagram, the point P traces
the given derivative curve f(x). This determines
the slope of the wheel w. The front wheels of the
carriage turn the cylinder d (which can be toothed
like a gear), whose rotation is communicated to the
cylinder C. Owing to the slope of the wheel w, C
rides up or down in the carriage as it turnms. A
pencil F fixed on the carriage and pressing against
C will record the motion of é. Of course, the inte-
gral curve can wind around C a number of times.

4. A number of steering wheel integrators can be
combined into a device for solving differential
equations. A modern example of this is given by the
device described in: Myers, D. M., Jour. Sci. In-
struments, Vol.XV1 (1939), pp. 209-22. This involves -
two integrating wheels and is suitable for solving
differential equations )

dx

where b and c¢ are constants but a and d may be
functions of any one of the variable x, z or 4z,

X AXIS
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The two integraph wheels are comnected to real-
ize the pair of equations

dy _ 1 (q- -
= "3 (d -by - cz)

dz - -

= - y
The comnection to the integraph wheels is essen-
tially the parallelogram arrangement of the Con-
radi integraph. Consequently z and y - 4% are
present as linear displacements in the device.
This permits one operator to enter a as a function
of either one of these variables or of x from a
graph. Similarly d can be entered.

The multiplications involved are based on similar
triangle principles. This permits ‘one to readily

multiply by 1/a. Addition is accomplished by means
of a "lazy tongs" form of a linear differential.

§

| |

V. Harmonic Analyzers

1. An harmonic analyzer is a device for evaluat-
ing the Fourier coefficients of a function f(x) on
the interval 0 < x = 2n.

1 1.2
8o = 35 /o7 £(x) dx, a, =7 S £(x) cos nx dx

1 )
b, = ",;f:n f(x) sin nx dx

(If the interval given is not this, we can easily
change scale.)

In general, they are diréct calculating devices
utilizing elements, many of which we are familiar
with,

Naturally any of the numerical methods for com-
puting integrals can be used. In_this connect}on
the reader is referred to the following: H. Lip-
‘son and C. A. Beevers, Proc. Phys. Soc., Vol. 48

(1936), pp. 772-80.

There is a rather well-known mathematical treat-
ment upon which both calculational Qrocedures and
many harmonic analyzers and synthesizers have been
based and this we now give.

Let us consider now the simplest numerical ap-
proximation to an integral. let x, = pn/n for
p=1, ..., 20, y, = f%xp). The points x,, divide
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the interval 0 < x < 2n into 2n equal subintervals.
From the obvious approximation for the integral we
obtain

ag = (1/2m) 220y
2
a; = (1/n) Zp:1 YpCOS A X, Q= 1, ..., n
. 2n .
b; = (1/n) 2wy Yp sin q xp.

(Note that b; =0 for n Xp = PN and sin pr = 0.)"

Now form the expression
n-1

1)
Qg + qul

1 ' .
(a4 cos q x, + by sin q x,)

v \ 1 . .
+% (a, cosnx, + b, sin n'x)

2n n-1
=§; 2p=1 Yp (1+2 Z4=1 (cos . q X, €0S q X,
+ sin q x, sin‘q Xp)+ COS B X, COS I X,

+sin n x, sin n X,) =

5%-(2§:l yp (1 +2 E:;: cos q (xy=x;) + cosn (x,—x.)]).

Now let 8 = XpXp. Since for 6 4 0, we have cos q 6
_ sin (g+$)6 - sin (g-%)8 X 40,

T

sin g 0 - we have for x

P

-1 .
14+2 2:_1 cos q (xp—xr) + COS n (xp—xr) =

sin (n-3) (x —x_) - sin & (xp—xr)

sin (xp—xr)

1+ b

+ COS n (xp—xrh

Now if X=X, + 0, we have XpXp = k n/n. Thus

n (xp—xr) = kn and sin n (XP~X,) = 0. Hence
sin (n-%) (xp—xr) = — sin & (xp—xr) cos n (XP—X,)-
Substituting in the above expression yields that

if x,-x, + 0 we have 1 + 2 Z:;: cos q (xp=x,) +

cos n (x,-x;) = 0. On the other hand if x,x, = 0,
it is clear that 1 + 2 Z;;i cos q (x -x.) +

P
cos n (x,—x.) = 2n. Consequently when we go back

to the first expression and substitute in the for-
mula previously obtained, we have

] + 2n-1 1 En-l b’ .
ao q=1 aq Cos q X, + q=1 g sin q X,

+ % (a) cos n x_ + by sin n x,) = y,.
In other words, if we calculate the coefficients
a; and b! by the above approximation formulas, we
get a trigonometric polynomial which takes on the
values yi, ..., yon (For convergence reasons this
is in general a desirable procedure only for the
situation in which y is continuous and y(2n) = y(0).)

Now the above formal calculations essentially
shows that if we consider the system of equations
-1 -
Yp = 80 + Z:=1 a4 COS ¢ X + E:;i bq sin q X,

+%a,cosn Xp

as a system of 2n equations on the 2n quantities



a0, A1, s @y bi, ..., b, _,, then the system
_ 1 2n
ag = T Ep=1 Yp

aqc

Ep 1Ypcosaxy,, q=1, ..., n

1
™
bg =.%_Zp=1 Yp sin q Xpr 4 = 1, ..., n-1
has a matrix which is inverse to the matrix of the
first set. Consequently each of these systems is
non-singular.

This has the very important consequence that if
a device is constructed to yield the various lin-
ear combinations

n
lp = Zia kq cos p xq4

n
r =2-_.15

P q sin p x4

q
then it can be used to either obtain the Fourier
coefficients of a given function or given the
Fourier coeff1c1ents, we can obtain the value of
the function at the specified points. (The formu-
las do vary slightly but this can be readily taken
care of.)

Naturally these formulas are readily adapted to
calculations based on ordinary arithmetical ma-
chines or punched card machines.

2. It is clear from the discussion of the preced-
ing section that what is desired is a device to
produce linear combinations

s(l)- y dg cos (p q n/n)
séz)-zq_l e, sin (p q n/n)
As an example let us consider the harmonic analyzer

of Michelson and Stratton. For this we have the
schematic diagram

cos .
-Z (Sin) c{/

‘ 60 ?)
cos 24 (9 )

& (siN) '3 &
]
__________________ <
co.
yiid (9/5) dﬂp

This arrangement is such that if we‘replace the
input p n/n by a continuous variable x, we get the
sums

]

S £

P d cos q X

n
ql

5(2) = Zq 1 ¢ sin q x.
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By adding these to a,, we evaluate the function

whose Fourier coefficients are the d_'s and e_'s.

This fact is used to draw a complete graph of the
function.

In the Michelson Stratton instrument, the input
p n/n or x is an angle. The multlpllcat1on by q is
obtained by a gear ratio. The cosine is obtained

by an eccentric.

(Notice that in the accompanying diagram

. . 2
rcos ¢ + Lcos B=rcosa+1 J1 -sin ° B
] Z '
rcos ¢ + 1 /1 - sin a-&; =1l isrcosa+

r2
+ 1 ( J.-sin?al_z—l)
r \
L+ \/J_Q—ri’sini’a)

Thus the percentage error which results when we
consider the other end of the eccentric to have a
harmonic motion is about 100 r/21.)

=
[

N . 2
l+rcosa—-rsin a

The multiplication by the constant dg is obtained
by means of a simple similar trlanule

} cos pfn;hy
G g

The method of addition that is used is very in-
teresting since it is a mechanical counterpart to
the voltage averaging which we have previously
discussed. Let us describe it in the case of two
addends since this case contains the essential
ideas. Suppose we have a cylinder which can rotate




around its axis. On one side of the cylinder, we
have two bands. One end of ‘these bands is fastened
to the cylinder, the other end to a spring. The
band is partly wrapped around the cylinder and ex-
tends down vertically to the corresponding spring.
Each band and spring corresponds to an input..On
the opposite side of the cylinder is a similar ar-
rangement of band and spring for the output.

We suppose that the two input springs are simi-
lar. We suppose that these are normally extended
an amount 1,. By Hooke's law, the force exerted by
each of these springs is ki 1, where k; is the

force necessary to extend the spring a unit length.

let k. and 1, be the corresponding quantities for
the output spring. Since the cylinder is in equi-
librium, a consideration of moments shows that
2k1 11 Skg _].2. !

Now suppose we move the other end of the input
springs down amounts x and y respectively. The
" cylinder will rotate and the output spring whose
lower end is fixed will be extended an amount z.
The input springs will be extended amounts x - z
and y - z respectively. The moment equation will
still be
ki (Li+ x-2) + kg (1, + y—Z) = ke (I + 2)
or :
ki (x+y) = (2 ki+ko) 2

It should be clear how any number of inputs can be
introduced into such a device.

The output is then a linear displacement.

When the machine is used as a synthesizer, i.e.,
to graph a function y whose Fourier coefficients
are given, the output appears as the displacement
of a pencil above a horizontal line which corre-
sponds to the x-axis. This pencil presses against

< X Axrs

a piece of paper on a vertical drawing board. As

. we mentioned above, in this case we have a continu-
ous input x and the drawing board is continuously
displaced to the left with this input. Thus while
the pencil remains in the same vertical plane, the
graph of y appears on the drawing board. - :

3. A modern development of the above is. given in
S.L., Brown, Jour. Franklin Institute, Vol. 228
(1939), pp. 675-94. The schematic diagram is the
the same, the pn/n input is again an angle, the
multiplication by q is again by a gear box, so
that pqn/n appears as an angle.

The cosines and sines of this angle are obtained
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by taking projections on the x-axis of a line seg-
ment which makes an angle o with x-axis. This is
readily accomplished by a sliding arrangement.

/)
& F “7,@93—7(—
&4/ d?éos o«

1/
V!
o/

The multiplication by d, is obtained by varying
the Iength of the segment. Addition is by means of
an endless chain,

" Another modern analyzer and synthesizer is de-
scribed in the reference: F. W. Kranz, Jour.
Franklin Inst., Vol. 204, pp. 245-62.

In these two references the following point is
made. For the synthesizer, we need essentially the
linear combinations

2:=1 ag COS (qpr/n)

and ‘
n .
ZQ=1 by sin (pgr/n)

so that we have only n terms. However, the corre-
sponding analyzer formulas are

2

ag = 2p:1 ¥Yp COS (qpn/n)
2 .

b, = Zp:1 ¥y, sin (qpn/n)

which include 2 n terms. Nevertheless, it is rela~
tively simple as these authors point out to obtain

2n
Ep-l ¥, cos (pan/n)
from a device which yields
n .
Z,=y dp cos (pqn/n).
For
2n n
8q=2pa1 Yp COS (pqr/n) = Zp;1 Yp éos pan/n
* Zpu1 Ypep C0s (am + pan/n)
n
=2y (yp + F11%y,,,) cos (pqn/m)
Similarly
320 in (pan/n) = Zo., ( [-1]e
p=1 Yp sin (pan/n) = 2., (yp + [F110y,,)
sin (pqn/n)



This reasoning generalizes readily. Suppose we
wish to obtain

Aq = Zf:: ¥, cos (rqn/kn)
and

2kn .
By = Zp2; ¥, sin (rqn/kn)
from a device which can produce
n n L
Zp=1 d, cos (tp) and Z,=1 €p sin (tp)
where t is an input which can assume any value.

Now let r = sn + p where p < n. Then if y, = Ys,p

A, - Zf:: Y. cos (rqn/kn)
- Z:_l 25:;1 Ys,p €0s (san/k + pan/kn)
= Z:=1 (2::;1 Ye,p COS sqn/k) cos (pqn/kn)
- E:=1 (2::;l Ys,p sin san/k) sin (pqn/km).
Now let
dy g = i::;l Ys,p COs asm/k
e, q = Ezfal Ys,p Sin asn/k.
Then

A, - 2:=1 d,, qcos (pqn/km)

zl’l

p=1 €p,q Sin (pqn/kn).

Thus Aq is the sum of two expressions, which can
be obtained from the device by letting t = qn/kn
in the expressions given above for the output. If
we let t = qn/k, we see.that we also have

2k-1

dy,q = Zs=0 Ys,p COs st
2k-1 .
€p,q = 2520 Ys,p Sin st.

Thus if 2k-1 is < n, we may obtain these from the
device also. (We may have to set certain coeffi-
cients zero.) Theoretically the expressions for
dp,q and e, o could also be compounded in the way
AVWas if 321 > n. Hence, theoretically the ana-
lyzer could be used to calculate any number of
coefficients. The limitation on this process is
the accuracy with which t = qn/kn could be entered
in the device. An error of € in radians yields in
general an error of (kn/n) € 100 per cent in the
coefficients.

4. Naturally we can use-an ordinary integrator
to evaluate the integrals

ﬁnf&)cmlmdx;ﬁ"f&)smlmdm

Thus Galle describes an instrument (Sommerfeld-
Wiechert, loc. cit., pp. 145-48) in which the in-
tegrand is obtained by projecting a line segment
of length f(x). The graph of f(x% is wrapped
around a horizontal cylinder C. As x varies, the

' element upon which f(x) is represented appears
uppermost. At the same time the cylinder itself
rotates about a vertical axis so that the axis of
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the cylinder makes an angle kx with a horizontal
line 1. An arrangement with a wire perpendicular
to 1 can move parallel to L. The operator keeps the
wire on the uppermost point of curve. The linear
displacement of the arrangement is then f(x) cos kx.

<)

(Z)

This linear displacement is the linear input of
a simple disk integrator. This consists of a disk
which rotates an amount x and an integrating wheel

“on it which is displaced from the center an amount

equal to the linear input.

An alternate to the arrangement above is to ap-
ply f(x) to the linear displacement and let the
Fotatory input @ = (1/k) sin kx. Since the output
is

27 2n
Jo f(x) da = Js f(x) cos kx dx
this yields the desired result.

This can be done in a number of ways. For in-
stance o may be produced as a linear displacement
by means of projecting arrangement and then changed
to a rotation by means of a rack and pinion.

D)

An alternative method of getting the desired re-
sult is to use a spherical integrator. This is the
basis of the Henrici-Conradi analyzer. The basic
calculating device consists of a sphere, whose ro—
tation is the function f(x). The integrating wheel
is at a spherical distance ka from the plane per-
pendicular to the axis of rotation. It is clear



that if the axle of the integrating wheel is in

the same plane as the axis of rotation, the in-
stantaneous change in the output is

dB = h cos k x d f(x)

where h is the ratio of the radius of the wheel to
that of the sphere. Thus if x goes from 0 to 2rn we
have :

ﬁf“ h cos hxdf(x) - h cos kxf(x)]gﬁ
kh 2" sin kef (x) dx

+

h [£(21) - £(0)) + kh JET sin kx £(x) dx.

.The cos kx integral is obtained when n/2 - kx is
substituted for kx.

A modern version of the Henrici integrator is
described in an article by D. C. Miller, Jour.
Frankl n Inst., Vol. 182, pp. 285-322.

6. There are a number of relatively simple de-
vices which permit one to use a planimeter to
evaluate the Fourier coefficients of a function.
An auxiliary of this sort is accredited by Galle
to Yule (loc. cit., pp. 134-35). The interval
0 £ x £ 2n is divided into 2n parts. For each sub-
interval a rectangle is formed. If y, is the value
of f(x) at the midpoint of the subinterval, the
sides of the rectangle have length y, and
sin ([k+1] qn/n) - sin (kgqn/n) = 2 cos ([k+zlqn/n)
sin (qn/2n) = (qn/n) cos ([k+3lqn/n). A planimeter
is used to obtain the sum of the areas of these
rectangles. Thus the reading is

2 Zi:1 f([k+#}n/n) cos ([k+z]lqn/n) sin (qn/2n)

1-%; (Ei:1 f{(k+z)n/n] cos [(k+z)qn/n])

zq ﬁfﬁ £(x) cos gx dx = gma,.

There are a number of ways in which the desired
rectangles can be constructed. Consider the draw-
ing board upon which the graph of the function is
drawn. The graph covers the x-interval from 0 to
2n. We have a wire which moves parallel to the x-
axis and this we can set on the ordinate of the’
curve at the desired point. This wire and the x-
axis will constitute opposite sides of the rectan-
gle. '

- The other sides of the rectangle are positioned
by means of a sine scale -along the left-hand side
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- is the same,)

of the x-axis. We have two slides with wires paral-

v

(LT

SINESCALE 2.

27
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o

2

lel to the y-axis. To set up a rectangle with one
pair of sides having the length sin B - sin a, we
set the wire of one slide on the value @ of the
sine scale and the other on the value B. The dis-
tance between the wires is then sin B - sin a.
The x-axis, the first slide wire and these last
two now enclose a rectangle. (This is not the de-
vice described by Galle, loc. cit., but the idea

Notice that if we take our interval end points
in the form (k+s)n/n, so that the midpoints are in
the form kn/n, the individual rectangles have the
area

f(kn/n) (sin [(k+%)qn/n] - sin [(k-%)qn/n])
= 2 f(kn/n) cos (qnk/n) sin (qn/2n)

The sum of these rectangles

s 2n
-‘2lsmq1(t nr/x2n) (™/n) Zya, f£(kn/n) cos (qnk/n)
: sin (qn/2n)
differs only by the factorW (qn/2)

from the expression
: 2
i% Zkgl f(kn/n)_cps (qnk/n)

which we have considered in the preceding sections
of this chapter. The situation relative to the
sine expression is similar.

Another type of device for the evaluation of the
Fourier coefficients by means of a planimeter is
based on the following geometrical construction.
Suppose that as the point P traces the curve
y = f(x), it carries a wheel with it. The wheel
revolves in a plane parallel to the plane of the
graph around an axis through P. The rotation is
k. Let us comsider a point Q on the circumference
of the wheel, which is uppermost when x = 0.

Suppose Q has the coordinates (n, &), then

n =X +7r sin kx

g

¥y + T cos kx



X
Consider now the integral which corresponds to the
area under the curve traced by Q. We have

Jh Zdn = ﬁfﬂ (y + r cos kx) (1 + kr cos kx) dx

- 2T y dx + kr Jom y cos k x dx
+ ﬁfﬂ r cos kx dx 4 kr® ﬁfﬂ cos ? kx dx
- KT y dx + kr ﬁfn y cos kx dx + knr®

since k is integral. Thus if we have a planimeter
to find the area under the given curve and to
trace the Q curve and find the area under it, then
we know both f2" y dx and Jo %dn and from these
the desired integral

27
b

can be readily obtained. To obtain the integral

ﬁfﬂ y sin kx dx

we start with a point Q whose radius is initially
horizontal.

y cos kx dx

There are a number of ways in which the desired
result can be obtained. One of these, described
by Galle as due to Yule comsists of a pinion and
a rack parallel to the x-axis. The rack can slide
up and down in grooves, but remains parallel to
its original position. Let P denote the pointer
that is used to follow the curve. We have a con-
nection from P to the rack such that the pitch

+ WA O
A‘,LAAI \
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line of the rack has an ordinate which differs

from that of P by a fixed amount. Another connec-
tion to the pinion insures that the center of the
wheel has the same ordinate as P and the abscissae
differ by a constant. The rate of rotation of the
pinion is determined by the choice of the radius.
There is a hole in the pinion in which the follower
of a planimeter is inserted to trace the Q curve.

A number of other ways of doing this are also
discussed by Galle.

8. It is clear that the devices which produce in-
tegrals in the form

J2£(x) glx) dx

can be used to obtain the Fourier coefficients of
a function. For instance, there is the "cinema in-
tegraph" described above. Another device for this
purpose is that described by J. A. Van der Akker,
Journ. Opt. Soc. of Amer., Vol. 29 (1939), pp. 364-
69 and 501. This consists apparently of two input
boards, a similar triangle multiplier and a disk
integrator.

There is one other geometrical comstruction

which has been utilized in barmomnic analyzers. Con-
sider a half-cylinder of diameter 2/k. The circum-
ference of the semicircle is n/k. Let us measure
off a distance x along the semicircle from one end
and wrap' the graph of f(x) on the interval 0<x < n/k
around the half-cylinder. Now consider the projec-
tion on the diametrical half plane of the area un-
der the curve and with abscissa less than x. This

is a function of x, A(x). The central angle sub-
tended by the arc of length x is kx dnd it is
readily seen that -

d A = f(x) sin kx dx.
Thus the total area of the projection is

¥ £(x) sin kx dx.

(This assumes f({x) is positive, a result which can
always be attained by adding a constant, an opera-
tion which does not affect any of the Fourier
coefficients except the first.)



A similar argument shows that if we use the por-
tion of the graph from n/k to 2n/k, we obtain

- 7 £x) sin e dx
and if we use the portion 2n/k < x < 3n/k, we get

&Z:‘r f(x) sin kx dx.

It is clear from these, we can build up

ﬁfﬂ f(x) sin kx dx.

If we begin with a quarter cylinder using the in-
tifval 0 < x < n/2k, then the half cylinders for

Ted  ,n

(24-%)mg

intervals (L + %) w/k < x £ (1 + 3/2) n/k and fi-
nally using the quarter cylinder for the interval
(2k - %) n/k £ x < 2n, we get the integrals

ﬂ?/zk f(x) cos kx dx, - ézyfk f(x) cos kx dx, etc.

B .
f(2nk_b).n/]‘ f(X) cos k dX
and from these we can construct
Lf" f(x) cos kx dx.

The projections involved can be done photographi-
cally. Thus, if the cylinders are transparent and
the graph of function is cut out as a mask, then
if we have light rays perpendicular to the diamet-
rical plane of the semicylinder, we can obtain a
shadow corresponding to the area projection. The
area projection can be measured by a planimeter or
a photocell bridge.

Presumably, in the. latter case, it would be more
convenient to have a flat slide, which controls
the illumination along an ordinate, so that it is
proportional to sin kx. This could be done by hav-—
ing varying opaqueness, differently spaced lines
or dots of different denseness. Two masks would
be needed for each coefficient to take care of
the sign of sin kx.

Iv - 16
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