


























































































































































































































































At the design stage, the resistors are not avail­
able but the probability function for the varia­
tions may be known to a certain extent. The 
central lAmit theorem in probability. states that 
the sum L i =l Ei of a ll1.l'ge number of chance vari­
ables, in general, is normally distributed with 
variance the square root of the sum of the squares 
of the variances of the Ei to a good approximation. 
Thus, we can predict the probable errors for such 
a sum quickly. For instance, if each Ei is such 
that the probability is .5 and that the Ei will be 
at least e in size, then the probability is .5 
that the sum will be at least e vn in size. (We 
have assumed that the expected value of each E1 
is zero.) Procedures of this type are treated 1n 
probability textbooks. For instance, a proof of 
the central limit theorem is given in Kamke, E. 
1Yahrscheenlichtkeitstheorte. Leipzig: S. Hirzel, 
1932, pp. 148-60. 

The noise term in the answer in general is due 
to sudden discontinuities which occur by chance 
during the computation. These can occur in a num­
ber of ways. A sudden application of a load �m�a�~� 
change the line voltage and affect an electronIc 
calculator, or a computer may make an error. 
Smaller errors can occur, for instance, the round­
ing errors or deviations from �a�.�s�t�a�~�i�s�t�i�c�~�l� equi­
librium, such as the thermal n01se 1n res1stors 
or the "shot effect" in vacuum tubes. 

Noise then is a chance variable which is to be 
treated by statistical methods. For the type of 
error represented by an error of a computer that 
occurs rarely but when it does has a large effect, 
the so-called Poisson Distribution is available. 
(CfoKamke, loco cit., pp. 129-30.) For the more 

,common type of noise which results from a large 
number of small errors which occur at random, one 
has the noise theory developed for electronic 
circuits and given in the two articles by Rice, 
S. 0., The Be II Sys tem Techn ica 1 Journa l, Vol. 23, 
(1944), 282-332, and Vol. 24 (1945), 46-156. 

3. The relationship �b�e�t�~�e�e�n� �~�o�i�s�e� and stability 
�~�a�n� be immediately recogn1zed 1n the case wher: 
the system is governed by a linear syst:m,of d1f­
ferential equations with constant coeff1cIents. 
If the motion is uniquely determined by these and 
the initial conditions, then we can proceed to 
solve the system by eliminating all but one un­
known function. For this remaining unknown func­
tion x(t) we will have a linear differential 
equation of the nth order 

x(n) + aix(n-l) + ••• + anx = f(t} 
with constant coefficients. The corresponding 
characteristic equation 

will have n roots, Pi' P2, .•. , Pn. 

A noise effect introduces a sudden discontinu­
ity in the behavior of the function x at a time 
to. This means that after the time to, x(t) is a, 
somewhat different solution of the differential 
equation from that before the noise occurred. The 

difference between these two solutions is a conse­
quence of the noise and must satis(y the homo­
geneous differential equation obtained by setting 
f(t} z 0 in the above. This difference function 

, is therefore a linear combination in the form 
�L�~�=�l� ci exp(Pit }. If all the Pi's have negative 
real parts, such a linear combination will ap­
proach zero with time. If any Pi has a positive 
real part, any noise effect can introduce a dif­
ference function of this sort which increases in­
definitely with time. Thus the system will be 
stable under the effect of random noise, if and 
only if, all the Pi's have negative real parts. 

Rational conditions on the coefficients of a 
polynomial which will insure that the roots are 
all on the left of the imaginary axis were origi­
nally obtained by Hurwitz (Hathemat tsche Annallen, 
XLVI (1895), 273-84). The question of stability 
in electrical circuits has been carefully consid­
ered and practical methods for the design of 
stable circuits with prescribed characteristics 
,have been developed. Cf., for instance, the dis­
cussion in Bode, H. W., Ne twor.k Ana l.1/s is and Feed­
back Ampltfter �D�e�s�i�~�n�.� New York: D. Van Nostrand, 
1945, pp. 103-69, or MacColl, L. A., Servo Hech­
anisms. New York: D. Van Nostrand Co., 1945, pp. 
.21-34. 

It is customary to regard instability as associ­
ated with energy as in amplifiers, so that when a 
slight signal can effect the introduction of 
energy into the system, which may in turn by some 
devious route cause a larger version of the origi­
nal signal to appear. Of course, in a discussion 
of stability all possible paths for the transfer 
of signals must be considered and .the study of 
electrical circuits has shown the importance of 
"parasitic" paths for stability. In a mechanical 
device, besides the intentional connections, one' 
may have other paths between units, for instance, 
through the frame of the device and mountings for 
the units .. 

However, instability can appear in a pur-ely 
mathematical procedure, in" which a chance devia­
tion is repeatedly magnified during the course of 
a computation. Here the "feedback" which causes 
the instability is in mathematics itself. The 
stability of a long computation such as those 
which are the objectives in electronic digital 
computers must always be considered. Numerical 
methods in which errors are repeatedly reduced are 
�d�e�s�i�r�~�b�l�e� since an introduced error merely slows 
down rather than destroys the computation. "Down 
the gradient" procedures such as indicated in 
Chapter IV above are of this �c�h�a�F�~�c�t�e�r�.� However, 
one may have a cyclic procedure, which at a cer­
tain point considers the errors and tends to 
rectify them in a stable fashion, but is not a 
complete "down the gradient" procedure. Indeed, 
gradient procedures in general indicate the di­
rection of a step but not its size. 

4. For the study of stability in the case in 
which one does not have linear equations with con­
stant coefficients, the modern theories of non­
linear mechanics are available as given, for in­
stance, in Minorsky, N., Introduction to Non-

III - 37 



'Linear Hechanics, Parts I-IV. Washington, D. C.: 
David Taylor Model Basin, 1944-46. 

In the general case it is necessary to study 
the solutions of differential equations in the 
large. It is clear that the definite stability 
necessary for a mathematical machine requires that 
every solution should be asymptotic to the correct 
solution, but in the present state of theory this 
requires practically an individual investigation 
in each case. The study of systems of differential 
equations in the large goes back to Poincare and 
G. D. Birkhoff, but the possibilities are exceed~ 
ingly complex. Cf. the paper of N. Levinson, Annals 
of Hath. (2), 45 (1944), pp. 723-37, for a number 
of earlier references. 

There are really two stability problems which 
appear in the use of mathematical machines. One of 
these is the stabillty of the mathematical proce­
dure involved, the other is the problem of the 

stability of the specific device used and its com­
ponents. There is no way for component stability 
to compensate for a non-stable mathematical proce­
dure. Since we must start from a situation in 
which the answer is unknown, perturbations analo­
gous to noise are always present. It is for this 
reason that "down the gradient" procedures have 
been emphasized in this book. These are stable 
even though as we have pointed out, they may not 
be the most economical stable method in individual 
cases. 

One presupposes, of course, the stability of the 
components. But one should also consider in this 
connection, the accuracy of the components since 
these can destroy the stability of the procedure. 
For instance, the Gauss Seidel iteration method 
for solving linear equations -is stable if the 
matrix is positive definite. But if a positive 
definite matrix is inaccurately realized, this 
property may be lost. 
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PART FOUR: MATHEMATICAL INSTRUMENTS 

I. Planimeters 

1. The present part is devoted to a brief dis­
cussion of mathematical instruments. Many of 
these are relatively inexpensive time-saving 
devices whose mathematical theory is quite in­
teresting. 

There is little point in trying to draw a hard 
and fast distinction between mathematical instru~ 
ments and continuous computing devices in general. 
Our reason for the distinction is purely one of 
convenience. In general, mathematical instruments 
operate on a graph. They are relatively simple in 
construction, are used for a single mathematical 
ope~ation and are not intended for joint oper~tion 
with other devices but are complete in themselves. 

An instrument whose purpose is to measure the 
area enclosed by a curve is called a planimeter. 
For convenience we divide planimeters into two 
types, one of which consists of those planimeters 
which operate directly on areas. The second type 
consists of those which operate on the boundary of 
the area to be measured. 

The purpose of an integrorr.eter is to provide in­
tegrals such as Jab y2 dx, J~ y3 dx, etc. An inte-:­
graph is an instrument, to draw the graph of an 1n­
definite integral of a given function. The harmonic 
analyzers are designed to yield the Fourier coeffi­
cients of a function. There are also instruments, 
curvometers, to yield the arc length of a given 
curve. 

For this part of the course, our two main refer­
ences will be: A Galle, Hathemattsche Instrumente, 
Leipzigt B. T. Teubner, 1912, and H. de Morin, Les 
Appareils d'Integratton, Paris: Gauthier Villars, 
1913. 

2. The remainder of the present chapter will be 
devoted to considering those planimeters which 
operate directly on areas. 

Perhaps the simplest such device is a piece of 
glass ruled into squares. One places the glass on 
the area to be measured and counts the number of 
squares which lie wholly within the area and esti­
mates the remaining area around the boundary. 

The "harp planimeter" is designed to assist one 
in forming a sum ~~=1 Yi ~x. One has a large number 
of ' threads strung in parallel on a frame. To find 
the area under a given curve we lay the frame so 
that the threads are perpendicular to the x-axis. 
A compass is used, to measure the ordinates of the 
points on the curve midway between two threads. ,The 
sum of the ordinates of these points can be ob­
tained by a ratchet and counter arrangement 
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on the compass or by laying the ordinates off 
along a straight line. 

If in the latter case, the total length is ex­
cessive we may use a fixed length 1 and whenever 
this, length is exceeded, we may shift back by 1. 
Thus if the first k coordinates have a sum which 
exceeds 1 we take another compass or ruler and 
measure back 1 from the final point of the sum. We 
may then continue to layoff the ordinates using 
the point obtained by shifting back as the start­
ing point. The final answer must allow for the 
~ift~g. ' 

Instead of the threads and compass, a glass 
slide may be fitted in the frame and used to meas­
ure the ordinates. Marks!along the side of the 
slide parallel to the x axis can be used to show 
where the ordinates are to be taken. The slide 
~oves parallel to the y axis until the proper mark 
1S on the curve. The displacement'of the slide 
measures the ordinate. 

Of course, an ordinary adding machine can be'used 
in conjunction with a formula for numerical in~e­
gration for obtaining areas. This is particularly 
valuable in the case in which the function is given 
in the form of a table rather than a graph. For a 
discussion of numerical integration, the reader is 
referred to: C. Jordan, Calculus of Finite Differ­
ences, Budapest: Eggenberger, 1939, pp. 512-27. 

3. Another device based on the formula ~ Yi ~x 
is also described by Galle, OPe cit., pp. 67-68. 
The ordinates are measured by a roller wheel prin­
ciple which is of great importance in the theory 
of instruments. The principle is the following. 
Suppose we have a wheel ofradiusr, resting on 
paper with its plane perpendicular to the,plane of 
the paper. Suppose, then, that we shove the wheel 
across the paper an amount s in a direction which 

A 
/ , 

" , " , , 
oC. " 

s 
, 

makes an angle a w.ith the axle of the wheel. During 
this displacement the axle remains parallel to its 
original position. The component of the displace­
ment parallel to the axle will induce no rotation, 
while if the wheel turns freely; there will be no 
slipping perpendicular to the axle. Consequently, 
the wheel will turn through an angle:~ such that 
r~ = s sin a. . 

This formula generalize's readily to the case in 



which the wheel is displaced so that the point of 
contact moves along an arc C in such a fashion 
that a, the angle between the tangent and the axle, 
is a Riemann integrable function of the arc length. 
For instance, if a is continuous except possibly 
at a finite number of points where it has a right 
and left limit, it satisfies this condition. Since 
a is Riemann integrable, one can show ,that sin a 
is also a Riemann integrable function of s. Thus 
if we consider the motion as a limit of polygonal 
motions on sets of chords, we obtain that the 
wheel will, turn through an angle ~ such that 

r ~ = Ie sin a ds 

Now let us suppose that we have a wheel which is 
initially in contact with the x axis and with its 
axle parallel to the x axis. SUppose the wheel is 
constrained to move in a circle with center on 
the x axis and in such a way that the axle is al­
ways parallel to the x axis. For instance, one 
might have a bar pivoted at the circle center. The 
other end of this bar has a pivot in which there 
is a u-shaped yoke, which holds the axle of the 
wheel. The yoke has a rigidly attached rod extentl-

X AXI.5 

ing perpendicular to the axle of the wheel. In 
turn this rod slips freely through a collar which 
is rigidly attached to another collar which slides 
along a rod parallel to the x-axis. Since the two 
collars are mutually perpendicular, the rod exten­
sion of the yoke is always perpendicular to the 
x axis and the wheel axle is always parallel to 
the x axis. 

Now then if the wheel is moved from its origi­
nal position of contact on the x axis to a point 
(x,y), the wheel will turn through an angle ~ 
such that r ~. = y, where r is the radius of the 
wheel. This is evident from the above integral 
formula since dy = sin a ds. Thus if we attach 
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a counter to measure the revolution of such a 
wheel, we can measure the ordinate of a point. 

The actual planimeter described by Galle is con­
structed so that while an indicator moves from a 
point (a,o)to the point (x,y), the actual wheel 

. moves in a motion which is a mirror image of this. 
There is a worm-gear positioned for each quarter 
turn so that the wheel apparatus is displaced 
parallel to the x axis equal amounts between the 
measurements of the ordinates. It is also neces­
sary that when the wheel is returned to a position 
at which the measurement of an ordinate begins, 
the counter does not register. 

4. Galle also describes the conversion planimeter 
which obtains the area of a polygon by converting 
it into a triangle with the same'area. We give a 
discussion of this based on analytic geometry. 

We first obtain a formula for the area of a poly­
gon. It is easily seen, for instance, that the 

accompanying polygon has area 

~(y1+Y2) (X2~1) + ~(y2+Y3) (X3-X2) + ~(y3+Y4) (X4-X3) 

.. ~(y4.+Y5) (X5-X4) + ~(y5+Ye) (Xe-X5) + ~(y1+Ye) (x1-xe) 

= ~fy1X2-X1Y2 + Y2X3""X2Y3 + y~4-XsY4 + y~5-X...y5 

+ YsXe~eYe + YeX1-XaY1]' 

In genera~we see that the formula 

A = ~j;;t (yjx j +1 - xjYj+l) + Ynxl - xnYl 

holds for a polygon with vertices (X1,Y1), (X2,Y2), 
••• , (xn'Yn)',' . 



Now we can construct a triangle with this area 
as follows: Suppose we have a slide which moves 
parallel to the x axis. On this slide, we have a 
pivot and on the pivot we have a ruler. We set th~ 
ruler perpendicular to the x axis and slide until 
(Xt,Yt) is on the edge. Next we turn the ruler un­
til it passes through (x 2 ,Y 2)' The ruler now has 
slope mt, = Y2/(X 2-Xt). 

We then,slide the ruler pa.rallel to itself until 
it passes through (Xt ,Yt). The equation for the edge 
is then 

Y - Yt = [Y2/(X2 - X1)] (x - X1) 

and the x- intercept a 1 is such that 

a1 Y2 = Xt Y2 - Y1 X2 + X1 Y1 = (say) At' 

We then turn the ruler until it passes through 
(x 3 ,Y a)' The slope is then 

m2 = Y2 Ya/(Xa Y2 - At) 

We then slide the rU.l er parallel to itself until 
it passes through (X 2'Y2)' The equation of the 
edge is then 

Y - Y2 = [Y2 Ya/(x a Y2 - At)] (x - X2) 

and the x intercept a2 of this line is such that 

yaa2 = YaX'rXaY2 + At = 2:~=1 (x jY j+CY.r j+1), + XtY1 = A2 • 

The procedure in general is the following: Sup­
pose the ruler passes through (xk'Yk) at the end 
of the kith step. We suppose that the kith inter­
cept a k is such that 

akYk+l = 2:Y=1 (XjYj+CYjXj+1) + x1Yt = Ak• 

We then turn the ruler until the ed.ge is on 
(x k+2' Y k+2)' The slope of the edge is then 

mU1 = Yk+2 Yk+1/(x k+2 Yk+1 - Ak)· 

We slide the rule until the edge passes through 
(x k+ l' Y k+ 1)' The equation for-the edge is then 

Y -Yk+l = [Yk+2 Yk+/(Yk+1 xk+2 - Ak)] , (x - xk+1)' 

The new intercept a k+1 is such that 

Yk+2 a k+1 = xk+1 Yk+2 - Yk+1 xk+2 + Ak Ak+l' 

Thus 
k+1 

A k+ 1 = 2: j = 1 (y j X j + 1 - X j Y j + 1) + X 1 Y t' 

Hence if we carry this process through to the nlth 
step, we .get 

an Yn+l = An = 2:~=1 (Y,rj+i - xY'J+1) + X1 Y1 

This yields, since (xn+1 ' Yn+l) = (Xt, Y1) 
n-l 

Y1 (X1-an) = 2:J=1 (xJ Yj+1 - xj+1 YJ) + Yn Xt - X~t = 2A. 

Or 

Thus the right triangle, one leg of which is the 
ordinate Yt and the other is Xt - an has the same 
area as the given polygon. 
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The apparatus described by Galle consists of a 
bar along which the slide moves. On this slide, we 
have the pivoted ruler. For the above result, of 
course, the x axis can be taken in any direction.· 
The pivoted ruler is first set up perpendicular ,to 
the bar. The bar is then located so that Y1 has a 
fixed value and then fixed with two pins. Conse­
quently the quantity X1 - a~ is always proportion­
al to the area and a directLy reading scale is lo-
cated on the bar. -

5. One old method for the evaluation of an area 
is to cut out a replica from some material of uni­
form density and thickness and to weigh the result. 
A modern method is to make a mask from which the 
desired area is cut out and then to tneasure the 
total illumination which passes through such a mask 
by means of a photo tube. With less delicate photo 
sensitive methods, the entire light may be concen­
trated by means of lens onto the tube itself but, 
in general," it is preferable to disperse the light 
in a cavity and to determine the general level of 
illum~nation. Of course, the entire light should 
be concentrated first in the latter case so that 
it will enter the cavity, through a small aperture. 

Since the output of a photo tube is not a linear 
funct ion of the illumination f aIling on it, the 
answer is obtained in general by a bridge method. 
One has besides the above a duplicate arrangement 
associated with another photo tube with however an 
adjustable shutter instead of the mask. One adjusts 
the shutter until the output of the two tubes are 
identical. Then the open1ng of the shutter will 
have the same area as the hole in the mask. 

This method of integration is used in the "cinema 
integraph" described in the paper of Hazen and 
Brown, Jour. Franklin Institute, Vol. 230 (1940) 
pp. 19-44 and 183-205, which also gives an histori­
cal account of the development of the instrument. 
The cinema integraph is designed to evaluate quan­
tities in the form 

b 
fa f(x.±y) g(x) dx 

and similar quantities. 

The following ingenious method is used to obtain 
the product. Let us consider the case of two posi­
t i ve funct ions f (x ) and g (x). Nasks a,re cut out . 
for each function but with different x scales. The 
source of light is linear and the masks for g (x). 
and f(x) are wrapped around concentric cylinders 
whose common axis is the linear light source; g(x) 
will be on the inner cylinder. The ordinates on 
the mask run along the elements of the cylinder 
while the x axis is perpendicular to the element$. 
Now consider a value of x. Corresponding to x, we 
have a plane containing the linear light source. 
Now let us consider a point P on the outer cylinder 
in this plane. The mask on the inner cy~inder is 
such that there is an opening of height g(x), 
through which the linear light source is visible 
from this point. The actual length of the light 
source which is visible is ~g(x). Consequently, 

if we ignore the slight variation in intensity due 
to distance, we see that the illumination on· the 
outer cyclinder at any point on the x plane is the 
same and prop~rtional to g(x). The f(x) mask~ of 



course, permits a fraction of this proportional to 
f(x) to pass. 

_____ -3"- _____ _ 
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For the general case in which f(x) and g(x) vary 
in sign, allowance is made for the four possibili­
,ties in signs. Let g+ = max [g (x), 0), f!.-= max 
(-g(x), OJ, f+ and f_ are defined similarly. In 
the device, there are two photo tubes whose balance 
indicates the result. The integrals J: g+f+ dx, 
J: f_g_ dx, Jab f+g_ dx and Jab f...g+ dx are obt~ined 
as indicated above but the illumination from the 
first two goes to one photo tube, that of the other 
two to the-second tube. A biasing li~ht also enters 
the first tube so that it is always possible to 
balance the arrangement by positive illumination 
on the second tube. The balancing shutter is con­
trolled by a servo motor. 

Of course, one may readily rotate the ,outer cyl­
inder. to obtain the integrals 

J: f(x+y) g(x) dx. 

For the reader who is interested in actually us­
ing photo tubes, the brief pamphlet: R.C.A. Photo­
tubes, R.C.A. Manufacturing Co., will be useful. 
It, describes the various types of tubes available 
and gives circuits for various purposes. 

II. Planimeters 

1. In the present' chapter, we will discuss pla­
nimeters, i.e., devices for obtaining areas. The 
earliest type of planimeter was based on the vari­
able speed drive but these have been superseded by 
the mechanically simpler fixed length planimeters. 

A variable speed drive can be utilized to evalu­
ate the integral Jab y dx from a graph in an obvious 
fashion .. One has a pointer which traces the curve 
and this is attached to the variable speed drive 
in such a way that the ordinate of the point traced 
is the linear or rate input of the variable speed 
drive and the ,abscissa is the rotatory or disk in-

,put. 

This can be done in a number of ways. We may have 
a carriage on broad rimmed wheels which rolls 
across the paper parallel to the x axis. The rota­
tion of the wheels then yields the a'bscissa. The 
ordinat~ is entered by means of an extension of 
variable length which remains parallel to the y 
axis. 

A l~rge variety of such devices can be found in 
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the references, Galle and Morin cited in the be­
ginning of the previous chapter. Historically 
these devices are important since they led to the 
development of the variable speed drive itself. 

2. The mo~t common type of modern planimeter is 
concerned with the area swept out by a line seg­
ment of fixed length. This line segment is gener­
ally represented in planimeters by a bar, ,one end 
of which carries a pointer which traces the curve 
C. There is also an integrating wheel, i;e., a 
wheel with a counter on it to measure the amount 
of rotation. The axle of this wheel is parallel to 
the bar and if the point of contact of this wheel 
traces a curve Cr , then the wheel will register 

ie I sin a ds 

where a is the an~le between the axle of the wheel 
and ds (cf. Secti~n 3 of the preceding chapter). 
In general, a is also the angle between the bar 
and ds. -

It will simplify matters if we go through certain 
mathematical preliminaries before discussing the 
devices themselves. We do this'in the present sec­
tion. 

Although it is not customary in mathematical 
discussions, we will suppose that in traversing a 
simple closed curve, the arc length is increasing 
when the point moves in a clockwise direction. 

Now let us consider a simple closed rectifiable 
curve and let us take n points on it. These can be 
chosen so that they are the successive vertices of 
a polygon whose area approximates the area enclosed 
by the rectifiable curve. 

The area of this polygon has 'been proven in Sec. 
4 of the preceding chapter to be 

A = ~l:;:~ (Yj Xj+l - Xj Yj+l) + ~ (Yn Xl - Xn yd 

If we let x j+1 = Xj + 6x j , Yj+l = Yj + 6Yj' 

Xl = xn + 6xn, Yl = Yn + 6yn, where these appear 
in this formula, we obtain 

A ~ ~ l:;=l(Yj 6x j - Xj 6Yj). 

If we pass to the limit, we obtain 

A = ~ ie (ydx - xdy) 

a formula which, of course, is well known but which 
we derive in order to establish the sign. 



Consider the area swept out by a line segment of 
length 1 movin~ in a plane. This is an essential 
notion in our present discussion and our immediate 
objective is to define it. We suppose that the mo­
tion is continuous and smooth. Thus we suppose that 
each point describes an arc with a continuously 
turnin~ tangent. (It would be sufficient for this 
if just two-distinct points on the line se~ment 
move in this manner.) 

We first discuss the question of the definition 
of this area and in particular the matter of si~n. 
Suppose we have a directed line segment QP which 
moves to a new position Q'P'. We suppose that this 
motion is small which is justifiable in view of 
the fact that any motion of the postulated sort 
can be considered as the consequence of a number 
of small motions. 

There are essentially two-possibilities. In one 

p 

pi 

p 

of these, the new position Q'P' does not intersect 
QP, in the second 'case, it does. In the first case 
the areavis readily de~ined. The poi~t P describes 
an arc P P' and the pOInt Q an arc Q Q' and these 
together with the initial and final position of 
the line segment enclose an area which is given by 
the formula 

~ = [J + J - J 
QP pUp, Q'P' 

- J ] (y dx - x dy). 
QUQ ' 

This formula clearly specifies the sign of the 
area. An area such as that. shown will be positive, 
while if the line segment had moved upwards, the 
area would be negative. 

In the second case the situation is not immedi­
ately clear since in general points not in the two 
triangles shown may be covered in the motion. Let 
X be the point on the plane where the initial and 
final position of the line segment intersect. Sup­
pose X is the image of a point A on the initial 
segment. We will call X, B, when it is considered 
to be on the initial segment, i.e., X = A' = B. 
Now A is either on BP or QB of the initial segment 
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and no essential generality will be lost if re 
assume the former. Then B' the image of B is on 
either Q'A' or A'P'. In the first case the line 
segment BA in moving to its new position would 
turn through.a total angle equal to PXP' while in 
the second case, it would turn through an angle 
equal to PXQ'. Now the motion is supposed to be 
small and hence only the smaller rotation is possi­
ble. Thus if A is on XP, we may suppose B' is on 
XQ'. Hence the line segment AP moves onto XP' = 
A'P' and these have no common points and QX = QB 
moves onto Q'B' and these two also have no common 
points. Now we suppose that the motion is so slight 
that the area is not ~reatly altered by using the 
line segments AA' or BB' as boundaries instead of 
the actual paths. But then it is clear that we can 
regard the area swept out by AP and QB as in the 
first case. 

Since only a small motion is considered, the 
actual displacement A'A = XA = BA is small and 
hence the area swept out can be considered as neg­
ligible. Let us then arbitrarily assign to it the 
value 

(f +J 
BA AUA' 

- J - J ) (y dx - x dy). 
B' A BUB' 

For the area swept out by AP and QB, we have, of 
course, the previous formulas. If we add these 
three expressions for the area, we find that we 
have exactly the same formula for ~. In this case, 
it is clear that the area is broken up into two • 
parts, ret and £*. TIle former is positive, the 
latter is negative. 

Let us take now a motion which is not. restricted 
in size an~ as we have suggested, consider it as a 
number of small motions to each of which the above 
formula for ~ is applicable. We then find that· if 
Ci is the path of P and C2 that of Q then 

A = [J - J + J - J] (y dx - x dy). 
QP O'P' 

If the large motion is such that the line segment 
returns ·to its original position then 

A = r (y dx - x dy) -- J (y dx - x dy). 

Notice that our argument really depended very 
little on the nature of the integrand. We could 
have used any F(x,y,ii} ds, provided that F was 
continuous in the three variables. I 

In the area case in particular, it is worth not­
ing that if the points P and Q circumscribe an area 
Ai and A2 respectively, i.e., Ci and C2 are the 
boundaries of these curves, then A = Ai - A2. 

3. lYe have described the integrating wheel on 
the fixed length planimeters and the fact that it 
registers 

J sin ads. 

This expression is also associated with the area 
swept out by a fixed len~th. Consider a differen­
tial dA of the area. Let ~ denote the clockwise 
rotation between the ori~inal position and the 



present position. It is readIly seen that 

dA = 1 sin a ds + ~ 12 d~· 
p 

Q' 
Thus if the fixed length moves from one position 
to another and C is the path of P we have 

A = 1 J sin a ds + • 12 ~ + k. 
c 

But it is evident that the constant of integration 
is zero and thus 

A = 1 J sin a ds + i 12 ~. 

If the fixed length returns to its ori!;inal posi­
tion.without making a complete revolution we have 

A = 1 £ sin ads, 

Let us now consider three point~ Q, Pi' P2 , on 
the fixed length. Let us suppose that the fixed 
length moves and returns to its original position. 
Pi traces out a path Ci . Q is however constrained 
to move on a path either a line segment or an arc 
of a circle in such a way that when it has returned 
to its original position, no area has been enclosed. 
'~e will suppose that Pi lies between Q and P 2' The 
other cases are treated in an entirely analogous 
manner so we will not consider them further. 

Let 11 denote the length Q Pi' 12 the length Pi P2 • 

Let Ai denote the area enclosed by Ci . (If Pi cir­
cumscribes the area in the usual sense a number of 
times in traversing Ci , then Ai is a multiple of 
the area as usually understood.) 

We first notice that 

12 J sin a ds = Area swept out by Pi P2 = 
C1 12 J sin ads. 

c2 

Thl~ the inte~ral f sin a ds is independent of the 
',J ~ 

position of the p01nt P on the line. 

On the other hand, if 1 =Q P2 we have 
1 J sin a ds = Area swept out by Q P2 = A2 , C ' . 
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4. The last two formulas of the previous section' 
are the basis of many planimeters. The operator 
moves a pointer at Pi so that it circumscribes the 
desired area. The integrating wheel is at some 
other point F along the fixed length. The planim­
eters are classified as linear if the point Q 
moves along a straigpt line or polar if Q moves 
along the arc of a circle. 

If one mounts the fixed len~th on a carriage 
w1th broad wheels or on a track in such a way that 
the fixed length is. pivoted at Q, then Q will move 
in a straight line. If one connects the fixed 
length at Q by means of a hinge to an arm which it­
self is pivoted at a fixed point, we obtain a polar 
planimeter. 

I~ is desirable that the cUrve C and the permis­
sible path of Q be such that if we take any circle 
of radius I = P2 Q with center on a point of C, 
then this circle will intersect the path of Q at 
only one point. This will insure that when the 
operator returns the point P to its original posi­
tion after traversing the curve, Q will'return to 
its original position. 

For a more detailed description of the various 
instruments the reader is referred to the refer­
ences of Chapter I, Sec. 1, i.e., Galle or de Morin. 

5. If we refer again to the form~Ila . 

A = 1 J sin a ds + i 12 ~ 
c 

of Sec. 3 for the area swept out by a moving line, 
we see that there is one other interesting possi­
bility. Let us suppose that C refers to the path 
of Q. Let us suppose that at Q we have a knife 
edge parallel to the fixed length and resting on 
the paper. Now if we move the P end of the fixed 
length, then Q will move along a path which is tan­
gent to the fixed length at every instant. Conse­
sequently sin a ; 0 on C. Thus if we enclose the 
area Ap in our motion of the point P and ~o is the 
total change in the angle in this process then 

i 12 ~o = Area swept out by a fixed length = Ap - AQ• 

In general, AQ will be small· or we can measure it 
by repeating the process. This is the principle of 
the Prytz or ''hatchet'' planimeter. 

III. Integrometers 

1. Integrometers are very interesting develop­
ments of linear planimeters des~ned to evaluate 
integrals in the form J y2 dx, Jys dx and so - c c 
forth. The principle upon which these are based 
can be readily understood from a discussion of the 
part of such a device concerned with the evaluation 
of J y2 dx and we will confine our attention to 
this for the present. 

The frame of the device is constrained to move 
parallel to the x-axis. The ,fixed length will be 
denoted QP. P will trace out the curve and Q is 
pivoted on the frame so that Q moves on the x-axis. 
We have a gear G1 which rotates with PQ. We have 
another gear G2 meshing with G1 whose radius is 
one half that of G1 • Thus when PQ rotates through 



an angle a from.a position coinciding with x-axis, 
G~ will rotate through an angle 2a. ' 

Mounted on G~ there is an integrating wheel, 
whose point of contact with the paper is on the 
axis for G~. The integrating wheel is arranged so 
that when a = 0, its angle is perpendicular to the 
x-axis. Consequently when FQ rotates through an 
angle a, the axle will turn through an angle 2a 
and make angle -+- -2a with the x-axis. 

As P moves around a closed curve C, Q will also 
move along the x-axis. We can call its path on the 
x-axis D.-D is closed and of course folded on it­
self. It is clear that the integrating whe'el meas-
ures 

J sin <-t-- 2a) dx = I cos 2a dx. 
D D 

I believ~ it is evident ~hat bY,~sing 1ears Gs , 
G4, etc., 1nstead of G2, w1th rad11, -!, 4' etc., 
of the radius of Gi and by orienting the original 
position of the axle correctly we can obtain 

J sin 3a dx, J cos 4a dx, etc. 
D D 

,2. Let us now consider the integraL J y2 dx ,. e 
around a closed curve C which is traced by the 
point P. Let a denote the angle PQ makes with the 
x-axis. Then y = 1 sin a and 

J y2 dx 12 J sin2 a dx = (12 /2) J(l - cos 2a) dx 
e e e 

~ (-12/2) J cos 2a dx 
c 

since the integral I dx around a closed curve is , e zero. 

Since the integrating wheel registers J cos 2a dx 
many of the books seem to think that this settles 
the matter. But the wheel registers 

J cos 2a dx 
D 

while the quantity desired is ~ cos 2a dx. Of 
course, the angle a is the same but the dx is 
clearly different in general. For instance, Q may 
even remain fixed while P,traverses an arc of the 
circle, thus dx on D is zero but not on C. 
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Thus it is necessary to show that 

J cos 2a dx = J cos 2a dx 
D e 

around any closed curve C. We now prove this. 

Denote the coordinates of P by (x,y) and those 
of Q by (n,O). We can consider x, yand n as func­
tions of s the arc length variable on the curve C. 
Indeed 

1\ = x, - J 1 ~ - y2 

Y' 
dT'l ~ dx + dy 

'I J12 _ y2 I 

, v 2 

We also recall that cos 2a = 1 - 2 sin 2 a = (1- 2t;"'). 
Hence 

b cos 2a dx = f cos 2a dn 

y~ ~ 
+ I (1 - 212) ~2 2 dye e VL--y-

J cos 2a dx 
e 

Since any integral in the form I F(y) dy,where C 
is g, closed curve, is zero we h~ve 

£ cos 2a dx = l cos 2a dx. 

3. It is readily seen how the above can be ryen­
eralized to evaluate integrals J yS dx, J y4 dx, 
etc. Thus e e 

yS = IS sin sa = IS sin a ~ (1 - cos 2a} 
= i- IS (sin a - sin a'cos 2a) = tt 13 (3 sina-sin3a) 

and 

y4 14 tt (1 - 2 cos 2a + cos 2 2a) 
14 

="'8 (3 - 4 cos 2,a + cos 4a). 

As mentioned in Sec. 1 above, by the, use of gears 
Gs and G4 with different gear ratios relative to 
G1 , we can obtain the integrals 

J sin 3a dx, J cos 4a dx, etc. 
D D 

and the proof that the D integral is equal to the 
C integral is quite analogous to that of Sec. 2. 
The only difference is that in the F(y) mentioned 
at the end of Sec. 2, the factor (1 - 2 y2/12) is 
replaced by other functions of y: 3 y/l - 4 ys/ls, 
8 (Y4/14 ~ y2/l2) + 1, etc. 

IV. Integraph 

In the present ~hapter we wish to describe brief­
ly the integraph. An integraph is an in?trument 
used to draw the graph of a function for which the 
derivative is given. In certain modern developments 
this has become an instrument for-solving differen-' 
tial equations. 

The principle of the integraph is essentially 
that of the steering wheel on a tricycle. To de­
scribe the situation precisely let us introduce a 
theoretical device. This is similar to a tricycle 
exce~t that the,rear wheel~ have been replaced by 
a pa1r of spher1cal ball bearings,in sockets. 



Now if a force F,which is not too great is ap-
plied to this tricycle in a direction not perpen­
dicular to the front wheel, then as in the case of 
the integrating wheel described in Section 3 of 
Chapter I above, the tricycle will move in a path 
to which the front wheel is tangent. The component 
of F which is parallel to the aXle of the wheel is 

p 

counteracted by a friction force at the point of 
contact of the wheel and the plane on which it 
moves while the component of F, perpendicular to 
the axle will cause the tricycle to move. We sup­
pose that the turning moments are counteracted in 
some other manner. 

To set up an integrating device then we must 
steer this tricycle so that the line of the steer­
ing wheel always makes an angle a with the x-axis 
such that tan a = f(x) where f(x) is the function 
whose integral is desired. 

2. The above principle is applied in a number of 
ways which can be roughly classified under two 
headings. One type is represented by the Conradi 
instrument, described by Galle, loco cit., pp. 158-
59. We present a diagram of it below, looking at 
it from above. 

The frame of the device consists of two parallel 
rails, r, which are mounted on wheels so that the 
frame moves parallel to the x-axis. There are two 
carriages, u and v, which move along r. 

One of these carriages, u, has an exte:nsion on 
which is a pointer P which follows the given curve. 
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On this carriage we have a pivoted collar through 
which rides a bar s. The other end of this bar is 
pivoted at the point p which is on a fixed exten­
sion of frame. This arrangement of collar and 
pivot insures that the slope of the bar s equals 
f(x) • 

On s we have another slide q (it actually is a 
carriage but we show it as a collar) which con­
tains a line CD which remains perpendicular to s. 
CD is part of a parallelogram ABCD, whose other 
side AB determines the direction of the wheel W. 
The carriage v has a pivot upon which the mounting 
for W turns. From this arrangement the wheel W al­
ways has the same slope as s and the motion of W 
is also the motion of the carriage v. Since the 
direction of W always has slope f(x), the point of 
contact of the wheel with the basic plane moves on 
a curve which is an integral of f(x). The pencil 
F traces this motion essentially, since the upward 
displacement merely changes the constant of inte­
gration. 

3. Notice that the arrangement of the bar.s and 
the slide q is such that the slope of the l1ne CD 
is determined but not its position. Thi~ is essen­
tial since the only permitted restraint on the . 
wheel W is the determination of its slope r~lat1ve 
to the x-axis. 

There is one other way in which the desired con~ 
nection between the given curve and the slope 'of 
the wheel can be obtained which is due to Abdank 

c 
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Abankanowicz. Instead of having the steering wheel 
on the original plane, we permit it to ride' on a 
cylinder which is free to displace itself parallel 
to the y-axis. This cylinder turns at the same rate 
as the tracing point covers the x-axis. However, 
the wheel is fixed on the frame and so the desired 
relative motion of wheel and cylinder is obtained 
by the displacement of the cylinder. (Cf. H. de 
Morin, lac. cit., .pp. 136-41.) 

In the accompanying diagram, the point P traces 
the given derivative curve f(x). This determines 
the slope of the wheel w. The front wheels of the 
carriage turn the cylinder d (which can be toothed 
like a gear), whose rotation is cOD1Inunicated to the 
cylinder C. Owing to the slope of the wheel w, C 
rides up or down in the carriage as it turns. A 
pencil F fixed on the carria~e and pressing against 
C will record the motion of v. Of course, the inte­
gral curve can wind around C a number of times. 

4. A number of steering wheel integrators can be 
combined into a device for solving differential 
equations. A modern example of this is uiven by the 
device described in: Myers, D. M., Jour~ Sci. In­
struments, Vol. XVI (1939), pp. 209-22. This involves 
two integrating wheels and is suitable for solving 
differential equations -

d2 z dz 
a dx2 + b d;' + cz = d 

where band c are constants but a and d may be 
functions of anyone of the variable x, z or -it. 

X AXIS 



The two integraph wheels are connected to real­
ize the pair of equations 

~ .. 1. (d - b Y - cz) 
dx a 

dz _ Y 
dx -

The connection to the integraph wheels is essen­
tially the parallelogram arrangement of the Con­
radi integraph. Consequently z and y = dz are 
present as linear displacements in the ~vice. 
This permits one operator to enter a as a function 
of either one of these variables or of x from a 
graph. Similarly d can be entered. 

The multiplications involved are based on similar 
triangle principles. This permits one to readily 
multiply by l/a. Addition is accomplished by means 
of a "lazy tongs" form of a linear differential. 

V, Harmonic Analyzers 

1, An harmonic analyzer is a device for evaluat­
ing the Fourier coefficients of a function f(x) on 
the interval 0 ~ x ~ 2n. 

1 27t 1 27t 
ao = 2n fo f(x) dx, an =1i" fo f(x) cos nx dx 

bn = * f027t f(x) sin nx dx 

(If the interval given is not this, we can easily 
change scale.) 

In general, they are direct calculating devices 
utilizing elements, many of which we are familiar 
with. 

Naturally any of the numerical methods for com­
puting integrals can be used. In this connection 
the reader is referred to the following: H. Lip­
son and C. A. Beevers, Proc. Phys. Soc~, Vol. 48 
(1936), pp. 772-80. 

There is a rather well-known mathematical treat­
ment upon which both calculational procedures and 
many harmonic analyzers and synthesizers have been 
based and this we now give. 

Let us consider now the simplest numerical ap­
proximatiop to an inte~ral. Let xp," pn/n f~r, 
p = 1, . '." 2n, yp .. f(xp)' The p01nts xp d1v1de 
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the interval 0 ~ x ~ 2n into 2n equal subintervals. 
From the obvious approximation for the integral we 
obtain 

a' 2n 
0 = (1/2 n) ~P=l Yp 

, 2n 
aq (lin) ~P=l yp cos q xp q 1, ..• , n 

b ' q (lin) L2n , p-l yp S1n q xp' 

(Note that b~ = o for n xp '" pn and sin pn 

Now form the expression 
I n-l I I 

ao + Lq:l (aq cos q xr + bq sin q xr ) 

I ( I b I, ) + ~ an cosn xr + n S1n n·x r 
1 2n n-l '" 2ii ~P=l Y p (1 + 2 Lq:l (cos q xp cos q xr 

+ sin q xp sin q x r)+ cos n xp cos n xr 

+ sin n xp sin n xr ) .. 

O. ) 

1 2n n-l 
2n (L p =1 yp [1 + 2 Lq=l cos q (xp-x r ) + cos n (xp-xr)])~ 

Now let e = xp-xr . Since for e • 0, we have cos q e 
sin (9+~)e - sin (q-~)e . 

S1n ie, we have for xp-xr * 0, 

n-l 
1 + 2 Lqa1 cos q (Xp-x r ) + cos n (xp-x~) '" 

sin (n-i) (x -x ) - sin i (x -x ) 
1 + p r p r + cos n (xp-x r ). 

sin ~ (xp-x r ) 

Now if xp-xr ~ 0, we have xp-xr '" k nln. Thus 

n (xp-x r ) = kn and sin n (xp-x r ) = O. Hence 
sin (n-i) (xp-x r ) = - sin i (xp-x r ) cos n (xp-xr ). 
Substituting in the above expression yields that 
'f 1 n-l 1 Xp-Xr f 0 we have 1 + 2 Lq=1 cos q (xp-x r ) + 

cos n (xp-xr ) = O. On the other hand if xp-xr '" 0,. 
it is clear that 1 + 2 L::~ cos q (xp-x r ) + 

cos n (xp-xr~ = 2n. Consequently when we go back 
to the first expression and substit~te in the for­
mula previously obtained, we have 

I n-l I n-l I 
ao + Lq=l aq cos q xr + Lq=l bq sin q xr 

+ i (a~ cos n xr + b~ sin n xr ) = Yr' 

In other words, if we calculate the coefficients 
a~ and b~bythe above approximation formulas, we 
get a tr1gonometric polynomial which takes on the 
values Y1, •.. , Y2n (For convergence reasons this 
is in general a desirable procedure only for the 
situation in which y is continuous and y(2n) .. y(O).) 

Now the a?ove forma~ calculations essentially 
shows that 1f we cons1der the system of equations 

n-l n-l 
yp .. ao + Lq=l aq cos q xp + Lq~1 bq sin q xp 

+ i an cos n xp 

as a'system of 2n equations on the 2n quantities 



_ 1 ~2n 
ao -rn p=lYp 

1 2n 1, aq = Ii" ~P=l YP cos q xp' q = ... , n 

bq 
1 ~2n • 

q xp' q = 1, n-l =- 1 Y SIn .. -, n p= p 

has a matrix which is inverse to the matrix of the 
first set. Consequently each of these systems is 
non-singular. 

This has the very important consequence that if 
.a device is constructed to yield the various lin­
ear combinations 

lp ~;-1 kq cos p Xq 

n 
rp ~q=l Sq sin P Xq 

then it can be used to either obtain the Fourier 
coefficients of a given function or given the 
Fourier coefficients, we can obtain the value of 
the function at the specified points. (The formu­
las do vary slightly but this can be readily taken 
care of.) 

Naturally these formulas are readily adapted to 
calculations based on ordinary arithmetical ma­
chines or punched card machines. 

2. It is clear from the discussion of the preced­
ing section that what is desired is a device to 
produce linear combinations 

s (1)= ~n d cos (p q nln) p q-l q 

s (2)= ~n eq sin (p q ]tIn) 
p q-l 

.As an example let us consider the harmonic analyzer 
of Michelson and Stratton. For this we have the 
schematic diagram 

This arrangement is such that if we replace the 
input p n/n· by a continuous variable x, we get the 
sums 

s~ = ~;=1 dq cos q X 

s~2) ~;=l e q sin q x. 
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By adding these to ao, we evaluate the function 
.whose Fourier coefficients are the dq's and eq's. 
This fact is used to draw a complete graph of the 
function. 

In the Michelson Stratton instrument, the input 
p nln or ~ is an angle. The multiplication by q is 
obtained by a gear ratio. The cosine is 'obtained 
by an eccentric . 

(Notice that in the accompanying diagram 
.---......"....-

w r cos a + 1 cos S = r cos a + 1 Jl - sin 2 /3 

r cos a + I Jl - sin 2 a~ = 1 + r cos a + p 

+ I (A -sin 2 a ~: - 1) 

1 + r 'cos a - r sin 2a ( r ~ 
1 + /JP~---r-2-s-in-2-a I 

Thus the percentage error which results when we 
consider the other end of the eccentric to have a 
harmonic motion is about 100 r 121. ) 

The mUltiplication by the constant dq is obtaine~ 
by means of a simple similar tr1i~ngli 

~c~sptrr~ 

The method of addition that is used is very in­
terestin~ since it is a mechanical counterpart to 
the voltage averaging wh~ch we have previously 
discussed. Let us describe it in the case of two 
addends since this case contains the essential 
ideas. Suppose we have a cylinder wh~ch can rotate 



around its axis. On one side of the cylinder, we 
have two bands. One end of these bands is fastened 
to the cylinder, the other end to a spring. The 
band is partly wrapped around the cylinder and ex­
tends down vertically to the correspondin~ spring. 
Each band and spring corresponds to an input. On 
the opposite side of the cylinder is a similar ar­
rangement of band and spring for the output. 

We suppose that the two input springs are simi­
lar. We suppose that these are normally extended 
an amount 11. By Hooke's Law, the force exerted by 
each of these springs is k1 11 where k1is the 
force necessary to extend the spring a unit length. 
Let k2 and 12 be the corresponding qnantities for 
the output spring. Since the cylinder is in equi­
librium, a consideration of moments shows that 
2 k1 11 = k2 12• 

Now suppose we move the other end of the input 
springs down amounts x and y respectively. The 

. cylinder will rotate and the output spring whose 
lower end is fixed will be extended an amount z. 
The input springs will be extended amOlmt s x - z 
and y - z respectively. The moment equation will 
still be 

k1 (11 '+ x-z) + k1 (11 + y-z) = k2 (12 + z) 

or 
k1 (x+y) = (2 k1+k2) z 

It should be clear how any number of inputs can be 
introduced into such a device. 

The output is then a linear displacement. 

When the machine is used as a synthesizer, i.e., 
to graph a function y whose Fourier coefficients 
are given, the output appears as the displace~ent 
of a pencil above a horizontal line which corre­
sponds to the x-axis. This pencil presses against 

'--------'-------' X /Ix's 
X 

a piece of paper on a vertical drawing board. As 
we mentioned above, in this case we- have a continu­
ous input x and the drawing board is continuously 
aisplaced to the left with this input. Thus whi~e 
the pencil remains in the same vertical plane, the 
graph of y appears on the drawing board. 

3. A ,modern development of the above is.given in 
S.1., Brown, Jour. Franklin Institute, Vol. 228 
(1939), pp. 675-94. The schematic diagram is the 
tiie same, the pn/n input is again an angle, the 
multiplication by q is again by a gear box, so 
that pq n/n appears as an angle. . 

The cosines and sines of this angle are obtained 
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by taking projections on the x-aXis of a line seg~ 
ment which makes an ahgle a with x-axis. This is 
readily accomplished by a sliding arrangement. 

cig.C05 rA. 

The multiplication by dq is ob~a~ned.by varying 
the length of the segment. Add1t10n 1S by means of 
an endless chain. 

, Another modern analyzer and synthesizer is de­
scribed in the reference: F. W. Kranz, Jour. 
Franklin Inst., yolo 204, pp. 245-62. 

In these two references the following point is 
made. For the synthesizer, we need essentially the 
linear combinations 

n 
~q=l a q cos (qpn/n) 

and 
~;=1 bq sin (pqn/n) 

so that we have only n terms. However, the corre­
sponding analyzer formulas are 

a q ~:~1 yp cos (qpn/n) 

bq ~::1 yp sin (qpn/n) 

which include 2 n terms. ,Nevertheless, it is rela­
tively simple as these authors point out to obtain 

~:: 1. y p cos (pq n/n) 

from a device which yields 

For 
2n n 

a q =~p= 1 yp cos (pqn/n) = ~p= 1 Y p cos pqn/n 
n 

+ ~P-l Y n+p cos (qn, + pqn/n) 

n 
Ep=l (yp + [-1] q Yn+p) cos (pqn/n) 

Similarly 
2~ n 

Ep=l YP sin (pqn/n) = ~P=l (yp + [-l]q Yn+p) 

sin (pqn/n) 



This reasonin~ generalizes readily. Suppose we 
wish to obtain 

21m 
~r=l Yr COS (rqn/kn) 

and 
2kn 

Bq = ~r=l Yr sin (rqn/kn) 

from a device which can produce 

~;=l dp cos (tp) and ~:=l ep sin (tp) 

where t is an input which can assume any value. 

Now let r = sn + p where p 2 n. Then if Yr = Ys,p 
2kn 

~r=l Yr cos (rqn/kn) 
"n 2k-l (/ /k ) 
u p• l ~s=o Ys,p cos sqn k + pqn n 

~n (~2k-l y cos sqn/k) cos (pqn/kn) p=l s=O s,p 
n 2k-l 

~ (~ y sin sqn/k) sin (pqn/kn). p=l s=O s,p 

Now let 

Then 

e p,q 

'2k-l 
~s=o Ys,p cos qsn/k 
,,2k-l . /k 
u s _o Ys,p Sln qsn . 

n 
Aq = ~P=l dp,q cos (pqn/lrn) 

- ~;=l ep,q sin (pqn/kn). 

Thus A is the sum of two expre'ssions, which can 
be obt~ined from the device by letting t = qn/kn 
in the expressions ~iven above for the output. If 
we let t = qrr/k, wesee.that we also have 

2k-l 
~s=o Ys,p cos st 

2k-l 
~s=o Ys,p sin st. 

Thus if 2k-l is 2 n, we may obtain these from the 
device also. (We may have to set certain coeffi­
cients zero.) Theoretically the expressions for 
d and e q could also be compounded in the way 
A:'~as if ~k-l > n. Hence, theoretically the ana­
lyzer could be used to calculate any number of 
coefficients. The limitation on this process is 
the accuracy with which t = qn/kn could be entered 
in the device. An error of s in radians yields in 
general an error of (kn/n) s 100 per cent in the 
coefficients. 

4. Naturally we can use, an ordinary integrator 
to evaluate the integrals 

Jo27t 
f(x) cos kx dx; Jo27t 

f(x) sin kx dx. 

Thus Galle describes an instrument (Sommerfeld­
Wiechert, loco cit., pp. 145-48) in which the in­
tegrand is obtained by projecting a line se~ent 
of length f(x). The graph of f(x) is wrapped 
around a horizontal cylinder C. As x varies, the 
element upon which f(x) is represented appears 
uppermost. At the same time the cylinder itself 
rotates about a vertical axis so that the axis of 
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,the cylinder makes an an~le kx with a horizontal 
line 1. An arrangement with a wire perpendicular 
to 1 can move parallel to 1. The operator keeps the 
wire on the uppermost point of curve. The linear 
displacement of the arrangement is then f(x) cos kx. 

This linear displacement is the linear input of 
a simple disk integrator. This consists of a disk 
which rotates an amount x and an integrating wheel 
on it which is displaced from the center an amount 
equal to the linear input. 

An alternate to the arrangement above is to ap­
ply f(x) to the linear displacement and let the 
rotatory input ~ = (l/k) sin kx. Since the output 
is 

J;7t f(x) d~ = J;7t f(x) cos kx dx 

this yields the desired 'result. 

This can be done in a number of ways. For in­
stance ~ may be produced as a linear displacement 
by means of projecting arrangement and then changed 
to a rotation by means of a rack and pinion. 

( AY ) 

An alternative method of getting the desired re­
sult is to use a spherical integrator. This is the 
basis of the Henrici-Conradi analyzer. The' basic 
calculating device consists of a sphere, whose ro­
tation is the function f(x). The integrating wheel 
is at a spherical distance k~ from the plane per­
pendicular to the axis of.rotation. It is clear 



that if-the axle of the integrating wheel is in 

the same plane as the axis of rotation, the in­
stantaneous change in the output is 

de : h cos k x d f(x) 

where h is the ratio of the radius of the wheel to 
that 01 the sphere. Thus if x goes from 0 to 2n we 
have 

~ f;n h cos hxdf(x) : h cos kxf(x)]~~ 

+ kh fo2n sin kxf(x) dx 

: h [f(2n) - f(O)J + kh j;n sin kx f(x) dx. 

The cos kx integral is obtained when n/2 - kx is 
substituted for kx. -

A modern version of the Henrici integrator is 
described in an article by D. C. Miller, Jour. 
Frankl n Inst., Vol. 182, pp. 285-322. 

6. There are a number of relatively simple de­
vices which permit one to use a planimeter to 
evaluate the Fourier coefficients of a function. 
An auxiliary of this sort is accredited by Galle 
to Yule (lac. cit., pp. 134-35). The interval 
o ~ x ~ 2n is divided into 2n parts. For each sub­
interval a rectangle is formed. If y~ is the value 
of f(x) at the midpoint of the subinterval, the 
sides of the rectangle have length Yk and 
sin ([k+1] qn/n) - sin (kqn/n) : 2 cos ([k+~]qn/n) 
sin (qn/2n):: (qn/n) cos ([k+~] qn/n). A planimeter 
is used to obtain the sum of the areas of these 
rectangles. Thus the reading is 

2 ~::1 f( [k+~] n/n) cos ([k+~] qn/n) sin (qn/2n) 
_ qn 2n 
- n (~k-l f[(k+t)n/n] cos [.(k+~)qn/n]) 

:: q j~2n f(x) cos qx dx = qnaq • 

There are a number of ways in which the desired 
rectangles can be constructed. Consider the draw­
ing board upon which the graph of the function is 
drawn. The graph covers the x-interval from 0 to 
2n. We have a wire which moves parallel to the x­
axis and this we can set on the ordinate of the 
curve at the desired point. This wire and the x­
axis will constitute opposite sides of the rectan­
gle. 

The other sides of the rectangle are positioned 
by means of a sine scale-along the left-hand side 
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of the x-axis. We have two slides with wires paral-

2..71 _71 0 .,,0 
2 SIN~ SCIfLE 2:" 

leI to the y-axis. To set up a rectangle with one 
pair of sides having the length sin B - sin a, we 
set the wire of one slide on the value a of the 
sine scale and the other on the. value ~. The dis­
tance between the wires is then sin B - sin a. 
The x-axis, the first slide wire and these last 
two now enclose a rectangle. (This is not the de­
vice described by Galle, lac. cit., but the idea 
is the same.) 

Notice that if we take our interval end points 
in the form (k+~)n/n, so that the midpoints are in 
the form kn/n, the individual rectangles have the 
area 

f(kn/n) (sin [(k+t)qn/n] - sin [(k-~)qn/n]) 

= 2 f(kn/n) cos (qnk/n) sin (qn/2n) 

The sum of these rectangles 

Jl.. sin (;n/2n) (n/ ) ~2n f(kn/n) cos (qnk/n) 
2 qn 2n n k=l 

differs only by the factor sin (qn/2n) (qn/2) 
qn/2n 

from the expression 
1 2n 
-l:k=l f(kn/n) cos (qnk/n) n _ 

which we have considered in the preceding sections 
of this chapter. The situation relative to the 
sine expression is similar. 

Another type of device for the evaluation of the 
Fourier coefficients by means of a planimeter is 
based on the following ~eometrical construction. 
Suppose that as the poi~t P traces the curve 
y = f(x), it carries a wheel with it. The wheel 
revolves in a plane parallel to the plane of the 
graph around an axis through P. The rotation is 
kx. Let us cODsiner a point Q on the circumference 
of the wheel, which is uppermost when x = O. 

Suppose Q has the coordinates (n, C), then 

n = x + r sin kx 

r, = y + r cos kx 



~-----------------------------x 
Consider now the integral which corresponds to the 
lrea under the curve traced by Q. We have 

2n ) fQ t:dn = fa (y + r cos kx) (1 + kr cos kx dx 
2n 2n 

fa y dx + kr fa y cos k X dx 

r2n 2 r2n 2 
+ Jo r COS kx dx + kr Jo COS kx dx 

2n 2n 2 
fa y dx + kr fa y cos kx dx + knr 

since k is integral. Thus if we have a planimeter 
to find the area under the given curve and to 
trace the Q curve and find the area under it, then 
we lmow both f~n y dx and fQ Cdn and from these 
the desired, integral 

2n 
fa y cos kx dx 

can be readily obtained. To obtain ~he integral 

f02n y sin kx dx 

we start with a point Q whose. radius is initially 
horizontal. 

There are a number of ways in which the desired 
result can be obtained. One of these, described 
by Galle as due to Yule consists of a pinion and 
a rack parallel to the x-axis. The rack can slide 
up and down in grooves, but remains parallel to 
its original position. Let P denote the pointer 
that is used to follow the curve. We have a con­
nection from P to the rack such that the pitch 
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line of the rack has an ordinate which differs 
from that of P by a fixed amount. Another connec­
tion to the pinion insures that the center of the 
wheel has the same ordinate as P and the abscissae 
differ by a constant. The rate of rotation of the 
pinion is determined by the choice of the radius. 
There is a hole in the pinion in which the follower 
of a planimeter is inserted to trace the Q curve. 

A number of other ways of doing this are also 
discussed by Galle. 

8. It is clear that the devices which produce in­
tegrals in the form 

b 
fa f(x) g(x) dx 

can be used to obtain the Fourier coefficients of 
a function. For instance, there is the "cinema in­
tegraph" described above. Another device for this 
purpose is that described by J. A. Van der Akker, 
Journ. Opt. Soc. of Amer., Vol. 29 (1939), pp. 364-
69 and 501. This consists apparently of two input 
boards, a similar triangle multiplier and a disk 
integrator. 

There is one other geometrical construction 
which has been utilized in harmonic analyzers. Con­
sider a half-cylinder of diameter 2/k. The circum­
ference of the semicircle is n/k. Let us measure 
off a distance x along the semicircle from one end 
and wrap' the graph of- f(x) on the interval 0 ~ x ~ n/k 
around the half-cylinder. Now consider the projec­
tion on the diametrical half plane of the area un­
der the curve and with abscissa less than x. This 

is a function of x, A(x). The central angle sub­
tended by the arc of length x is kx and it is 
readily seen that 

d A = f(x) sin kx ax. 

Thus the total area of the projection is 

f:/ k 
f(x) sin kx dx. 

(This assumes f(x) is positive, a result which can 
always be attained by adding a constant, an opera­
tion which does not affect any of the Fourier 
coefficients except the first.) 



A similar argument shows that if we use the por­
tion of the graph from n/k to 2n/k, we obtain 

- f~;tk f(x) sin kx dx 

and if we use the portion '2n/k ~ x ~ 3n/k, we get 

f,~7t/k . 
27t/k f(x) S1n kx dx. 

It is clear from these, we can build up 

f;7t f(x) sin kx dx. 

begin with a quarter cylinder using the in­
o ~ x ~ n/2k, then the half cylinders for 

IV - 16 

intervals (1 + ~) n/k ~ x ~ (1 + 3/2) n/k and fi­
nally usi~ the quarter cylinder for the interval 
(2k ~ ~) nlk ~ x ~ 2n, we get the integrals 

7t/2k 37t/2k 
fo f(x) cos kx dx, - f;7t/k f(x) cos kx dx, etc. 

2ft 
f(2k-;)7t;1c f(x) cos k dx 

and from these we can construct 

f;7t f(x) cos kx dx. 

The projections involved can be done photographi­
cally. Thus, if the cylinders are transparent and 
the graph of function is cut out as a mask, then 
if we have light rays perpendicular to the diamet­
rical plane of the semicylinder, we can obtain a 
shadow corresponding to the area projection. The 
area projection can be measured by a planimeter or 
a photocell bridge. 

Presumably, in the, latter case, it would be more 
convenient to have a flat slide, which controls 
the illumination along an ordinate, so that it is 
proportional to sin kx. This could be done by hav­
ing varying opaqueness, differently spaced lines 
or dots of different denseness. Two masks would 
be needed for each coefficient to take care of 
the sign of sin kx. 
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Linear equation solvers, III: 2-4, 16-21 
Linear planimeter, IV:"6b 
Links multiplier, II: 16b 
Lipson, H., IV: 101. 
Log cam, II: lSa 
Log potentiometers, II: 20 
Lusternik, III: 4b 

MacColl, II: 26b; III: 37b 
Magnetic memory, 11:54, III: 33 
Mallock, III: 2b-3 . . 
Many, III: 4a 
Marchant Calculating Machine Co., III: 7a 
Mask, IV: 3b, 16b 
Mason, Warren P., II: 35a· 
Matrix representation, III: 3-4 
Mechanical analogues, II: 33b-35 
Meiboom, III: 4a 
Memory, I: 15b; II: 54; III: 27, 32 
Memory index, III: 32, 33 
Mercedes Euclid machine, I: 6, 9a 
Michelson, IV: lla . 
Miller, D. C., IV: 14a 
"Millionaire" machine, I: 12-13a 
Milne, W. E., III: 7a 
Mindlin, R. D., III: 5b 
Minorsky, III: 37b 
Modulation, II: 5a, 52 
Morin, H. de, III: la . 
Moulin, E. B., II: 26b 
Multipliers, I: 9-13a; II: 7b-22 , 24b; III: 31b 
Murray, F. J., III: 18 
Myers, D. M., IV: 9b 

"Napier Bones," I: 11-12a 
Nine, "standing on· nine" carry I: 8b 
Nines complement, I: 8b ' 
Nodes, II: 6-7a 
Noise, II: 26; III: 36b, 37 

Ohdner wheel, I: 5b 
Orders, III: 33b-35 
Oscillators, II: 49b-501.. 

Partial differential equations, III: 5b-6 
peterson, H. A., III: 12b 
Phototube, II: 41a; IV: 3b 
Pin cam, II: 18b, 19a 
Planlmeters, ·IV: 1-6 
Poesch, I. H., III: 12b 
Polar planimeter, IV: 6b 
Position coded~ III: 2Sa, 32b 
Positioning, I: 2b 
Potentiometers, II: 12b-14, 19-21 
Power supply, II: 44b-45 
Prytz, IV: 6b 
Puckle, O. S., II: 63; III: 4a 
Punch card machines, I: 13-14; III: 32 
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Quipus, I: la 

Radix two (see Binary) 
R.C.A. Tube Manual, II: 43 
Rachet, I: 4 
Ragazzini, J. R., III: 5b 
Rajchman, III: 33b 
Randall, R. H., III: 5b 
Rate matching, II: 24-26 
Rectifier squarer, II: 21b-22 
Rectifying tubes, II: 43-45 
Regener, III: 30b 
Register (see also Counter), I: 10, III: 28 
Relay, I: 3 
Resista~ces, addition of, II: 5-6a 

Multiplication, II: 19-20b 
Rock, S. M., III: 17b 
Roller wheel principle, IV: lb 
Roots of polYnomial, III: 13a 
Rosseland S., III: 12b 
Russell, F. A., III: 5b 

Sauer, R., III: 12b 
Secondary emission, III: 32b 
Selection circuit, III: 33 
Selling machine, I:, 10b-l1a 
Selsyn, II: 64-65 
Selsyn cuntrol transformer, II: 64b 
Servos, II: 19b, 20a, 21, 24b, 25, 26, 38b-41a 
Shannon, C., III: Sa 
Shift, IIi 11a, 12 
Similar triangle multiplier, II: 16 
Similitude III: 1-6 
Sommerfeld, IV: 13a 
Speedometer, II: 26b 
Squarer, II: 18b-19a, 20b-22, 53, 54a 
Square root, III: 32a 
Stability, III: 36b-38 
Steering wheel, IV: 7b 
Stratton, IV: 11a 
Subtraction, I: 8b-9a, 15 
Switch counter, I: 3a 
Synchro system, II: 63b-65 

Tape control, III: 35:1. 
Tape squarer, II: 19a 
Ten key machine, I: 7a 
Tens carry, (see Carry) 
Tens transmission (see Carry) 
Thomas machine, I: 5b 
Time coded machine, III: 28a, 29, 32b 
Torque amplifier, II: 41-42 
Transformer, II: 15b-16a 
Transient, II: 2& 
Transient period, II: 25b-26 
Triangle solver, II: 17 
Trigger Circuit, I: 3b-4a; II: 39, 58-p3; III: 28-

30 
Tuned circuit integrator, II: 50b-52a 

Vacuum tubes, II: 13b, 42-49 
Vallarta, III: 12b 
Van der Akker, IV: 15b 
Varigear, II: 12 
Vierling, 0., III: 13a 
Voltage addition, II: 4-5a 
Voltage duplication circuit, use of, II: 4b-5a 
von Neumann, J., III: 33b, 35a 



Washburn, H. W., III: 17b 
Watt hour meter, II: 28-29a 
Wheatstone bridge, II: 5-6a, 7, 19-20 
Wiechert, IV: 13a 
Wilbur, J. B., III: 2 
Wilcox, D. E., III: 17b 

, . 
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Yoshino, Y., I: 1b 
Yu,Y. P., II: 48 
Yule, IV: '14a, 15a 

zur Cappelen, Meyer, I: 5b 
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